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Summary. — The solution with cylindrical symmetry given by Weyl is 
examined by direct calculation of R;,. The result is that Weyl’s varia- 
tional method is insufficient and there is no static solution for the assumed 
form of 7°. This is generalized for any distribution of matter. 


1. — Introduction. 
One attempt to solve the field equations for continuous distribution of 


matter (with cylindrical symmetry) was made by WEYL (1); his result is 
(u=dct), 


y? 
ds? = h(dr? + de?) + j dy? + fdu?, 


z1n (hf) =y¥, 


tinf=y, 
Ay=t0; Ay=—grad*y 
(7, < and œ are cylindrical co-ordinates; A is the operator 
GE 1 0 ol 
Sl (oi Le 
Giv grad = aio 


o, the density of matter. WEYL supposed that matter is at rest; according 
to the conventional definition 


’ 


2 ACER CN (a) fh, 
stot edads. ~ \ds 


T°* has then only one component different from 0: T#— 0/g,). 
(1) H. WeyL: Ann. d. Phys., 54, 117 (1917). 


26 - Il Nuovo Cimento. 
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Actually there is no static solution of this form for 940. One of Weyl's 
errors was to use the variational principle and to take a diagonal form of g,x 
before calculating the components of Ry; in this way some equations are 


missed (?). 


2. — General form of £&;,,. 


(Instead of €/0a°, o/Cæ*, da’ it is written 0/0i, 0/07’, di, ete In any single 
component of a tensor, the indices are denoted by the corresponding letters; 
for instance, g,,, Goo: Ip instead Of Gu, 929, Yi in polar co-ordinates.) 


Oli dda 


ln Al da E, + Tee : 

RE Dre Mp de ge ee 
i ; 2 di 7 /G 0x 

i 

rpm 3 2 (VEER) + TET - 


8. — Diagonal form of g;; (°). 


If i, k, | denote different indices, the diagonal form is defined by gy, = 0, 
and then (y;=1ng;;) 


it I k 3 
Te» Gy | 
Sii 
ol all ii il ê ) | 
a RIE ra ad 
2 où 2 O1 
pe Ce ] ji CQu a Gu OV 
Pen = O g D + wea 9 Se À] 
2 di Digi: 04 
] CY 1 dy 
DEE Za Ieee) 
ae Nua ee ap Ùi 
(2) The variational principle is 
rer À 
Re È Et apa | 
"= ag ro 


if Gen is assumed to be diagonal, L cannot be derived with respect to g*” and R,, is 
Ti n 18 ee equal to g,,, R,, or R,, is missed. | 
i ) { 0 ï ; > 4 ch 5 È _ . . . | 
(8) i 16 pe a for Lin with diagonal g;,, quoted by TOLMAN in Relativity, Thermo- | 
dynamics and Cosmology is too lone. 
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AY = Ra for 4 #0. 
The second term of (1) is different from 0 only when «=i or «=1: 


Be Clg payne ME og a 
(2a) oo Vg da (V9 in) = V3 lei (V9 la) an al (Vgl n} = 


o moe 
= avg LV ci (va 2). 


In the third term there are the possibilities: 


1) B#è and #1; then « must be equal to J or to B, otherwise 7% = 0: 
la) a=l, = I= 9; 


yp 078 


aa al 

B B onthe ary . 
ipl ip 12 Seo (PETE 
2) = 1% can be storti: 


. ” . - 1 Cv, OY; Cw, A ) 
~ pa i î i l A AR va OVI 
Lo, ua utt Ual a ; DAINO 


où al ol di 
3) pel: 
lea pieni DURE Loy; Oy, | ya Cy, 
ta” 1 at À ut UW 4 al DI Î si al A 
and then 
2b) ré eS oe SS CVs CVs 1 OV; Oy, 
i CAT EEE NT 


à denotes all indices including ? and l. 


5. 5 en for 1 = k Chane 


In the second term of R, « is arbitrary. If «=l, 1} =4(0dy,/ol); if 
a=eAl, P= —F(G rl Gee) (CV, /8€), and 


rat 
(3a) gen NS aE =| n) | ii 2 a ala 
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In the third term 


TOT = PTE TT = Talat Peat lat Ll 


icp la 


a and b denote any index different from 1. The second and the third term of 
this sum are equal, as one can put b for a. In the fourth a must be equal to b: 


ll 0y:\? 0 
(30) a)? + 20M + (a) = A >. Da (È 


a 2 219%» ni 


6. — The equations of the case of Sect. 1. 
If Yor = Ger =o Gop =f, Guu =f (nh=n, Inf= ®) 


V = Th, nvg=n+lnr, 
Ve lg een pia i ee 


Besides, 


. 02 1 A Dì SU Dan \ 
Rez = : | In r) {2 (n DI) | e (rt ey | li 
5 (0) 


| arde (7 2rh ler 


107 OY 
ceneri 
2 or de 4 


The diagonal components are 


02 L'eta tee a 
he — 7 —- nni h A rh + 
gi rito ge e 


Ù Yr 
1f, (0°. { o®\: (a@\2)_ 1 fen\? 1 1(0D) 
mals (3) | SIE ai). 
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tam pl) CENT 


R,y and À, are simplified according to the formula 
E È CE 2 Alzira 
Nei 6 las n (=) di (=) 
| or or 
so that 
pe ! y? 
D 2h A(2Imr — 6) = — pa? 
eine 
TB op i ue AD 
2h 
Then ({) 
1 xhT 
fifo = Bee fe ie aa ee 
1 xhT 
PE 
1 r2 
feo = = Gog Xl = = opt, 
7a id by 


> i CRA 
da = Yuu AL LL: 32 


lie Ts 3 Jar CA ME AU 


The third and the fourth equation are equivalent. The final result is (5) 


2-0 oD\ 
(4a) An Fe Da (74 ®) 4 iS = — xho, 
(4b) Ay + (=)- —xho, 
02 

(4c) AD = xho, 

1 a oD cD 
= I == ty) 
(4d), pes (ON?) ear mae 


(4) The equations are taken here in the form Ry, = x(T,—49,T). 
(2) T == es == (8 
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7. — Impossibility of solution for 0 # 0. 


According to the identity V,@ = V,(R°°—1g°R)=0 


WE ES Leb 


CX 
If Bu, the first and the second term are equal to 0, and 
re pv = Te 0. 


Even if gx were not diagonal, 


re, = 1 gh (o Gx da) __1 pr Gun 
$ Cu Oy | C 


as 0ga/0u=0; multiplying by g,,, 


OG ur A O69 wa n . È, = 
RP — gf = == (je either mn = const OT p= 00 
20 rs, ou ; 


In the first case, from (4c) AD=0, 0=0. 


8. — Generalization. 


If the distribution of matter is arbitrary and ds? = X d#?+Y dy?+ Z de? 
+f du?, cg,,/0u= 0, from (1) and (3) 


> Il Ò = Guu 0 Jy il Quin OV a 
Reps AE (va si | = = la 
egu |4VgJ CE Gee CE 2 Jee \ CE J 


AS 0g;,/0u = 0 and g,,, = const (according to Section 7), y, = const, R,, = 9; 
a > == 4 eee DI cath 
from Ie, = 3G, %L = 90/2, 0 =0. 


RIFAISISTUINULONE) 


Esamino mediante il calcolo diretto di Ry, la soluzione a simmetria cilindrica 
data da Weyl. Risulta che il metodo variazionale di Weyl è insufficiente e che non 
c'è soluzione statica per la forma adottata di 7. Ciò viene generalizzato per qualsiasi 
distribuzione della materia. 


(*) Traduzione a cura della Redazione. 
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Rotational Mechanical Moments of Electrolite Solutions 
in a Rotating High-Frequency Electric Field. 
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Istituto di Fisica Sperimentale dell Università - Napoli 


(ricevuto il 20 Gennaio 1961) 


Summary. - In the present paper measurements are reported from which 
it results that electrolite solutions placed in a rotating high-frequency 
(v= 100 MHz) electric field show remarkable rotational moments, 
although in this frequency range the theory of the torque depending 
on the conductivity does not foresee any effect. The measurements have 
been made against the dilution (detining the dilution as the inverse of 
the concentration and expressing it in dm/g eq). While the conduc- 
tivity A of such solutions, already for dilutions of the order of 102 Q-! em. 
-(g ea)/l, acquires a value which practically does not change with the 
dilution, tlie torque due to the presence of dipoles, still tends to increase 
even when the dilution has reached values of the order of 16% Q-! em-t- 
-(g eq)/l. Furthermore it has been shown that the torque is proportional 
to the square of the electric field. The dipendence of this moment on 
the frequency is characteristic of each solution. 


In previous works (+?) it has been shown that, apart from a rotational 
mechanical moment M, (Born effect) which depends on the fact that there 
exists a phase displacement between the axis of the dipoles and the direction 
of the rotating field, a moment M, appears in a liquid placed in a rotating 
electric field; this moment is in relation with the electrical conductivity of 
the liquid itself. However these moments M, and M, show a different be- 
haviour at the variation of the frequency. 


(1) E. Grossurri1: Nuovo Cimento, 10, 193 (1959). 
(2) E. Grosserri: Nuovo Cimento, 13, 350 (1959). 
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It may be said, e.g. that for low frequencies (50, 180, 100 Hz) (*) only the 
mechanical moment M,, which depends on the conductivity, appears. Such 
moment is inversely proportional to the conductivity itself (Lampa’s formula) (*), 
while, for frequencies of the order of 3-105 Hz and higher the effect which 
appears is that depending only on the presence of the dipoles; that is, the 
moment M, (Born formula) (5) resuits experimentally in agreement with the 
theory itself. Moreover the determination of the coefficient of proportionality 
between the mechanical moment M, and H? the square of the field intensity 
allows to determine, in a completely different manner the coefficients 7 of the 
liquid’s viscosity, once the electrical moment m of the liquid molecules under 
consideration is known, whose value may obtained from the study of the 
polarization in relation to temperature. 

According to Debye’s theory, one obtains at first, in an electrolite solution 
a condensation of the dipoles around the ions, a phenomenon which causes 
characteristic behaviours, and furthermore, on the basis of the funda- 
mental concepts of this theory, every ion is surrounded by an ionic cloud. 
The presence of this ionic cloud causes a variation of the conductivity with 
relation to the dilution, different from the one which could be expected on the 
basis of the classical theory, and on the appearance of a variation of the con- 
ductivity in relation to frequency. We wanted to find out whether these 
peculiarities, which are foreseen in electrolitic solutions, on the basis of Debye’s 
theory, could influence the rotational effect of the dipoles which, as is known, 
show themselves by means of the appearance of a mechanical moment in a 
rotating electric field. 

The condensation of the dipoles around the ions, in the last analysis causes 
a decrease of the dipole’s mobility. And again, since they are placed radially 
around the centre of the ion, it causes decrease of the polarizability of the 
medium, which apparently has as consequence a decrease in the value of 
the mechanical moment. On the other hand, the formation of the ionic cloud, 
on the basis of Debye’s theory, brings essentially to a mobility decrease of 
the system of dipoles, which, in the last analysis, equals a viscosity increase 
in the sense in which the dipoles are less free to orientate themselves. On 
the basis of this effect the mechanical moment should then increase. 

The decrease depending on the first cause tends to lessen with the dilution 
and the increase due to the second cause also tends to decrease with the 
dilution. 

Therefore, according to the entity and to the prevalence of one effect over 
the other a variation of the torque is to be foreseen. For this reason we 


(3) A. CARRELLI and M. MarINARO: Nuovo Cimento. 11. 262 (1959). 
(4) A. LAMPA: Wien Ber., 115 (2a), 1659 (1966). 
(5) M: Born: Zeit. f. Phys., 22, 1920 (1920) 
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have made experiences in respect to frequencies of the order of 100 MHz, 
that is, for very high frequencies in order to make sure that the solutions 


KCl 


on 
8 


M(dine-cm) - 


Bigs te 


M (dine-cm) -107* 


could not present rotational 
moment due to the conductivity, 


as is foreseen in Lampa’s theory. 


any 


30 Na CI 
20 
1 
H,0 
0 L oa 
10 10? 103 
Pio 2 


The aqueous electrolite solutions, which we have studied at such frequencies, 
have shown instead a very remarkable mechanical moment M, (for certain 
concentrations even ten times bigger than that of water). Measurements have 


been taken for the following solu- 
tions: normal solution N; N:10-1; 
DNELOANETOS OL KOLENACT MeSO, 
KOH, Al(NO;);, Mg(NO.); the re- 
sults obtained, that is the mechanical 
moments M, measured for the va- 
rious solutions, with respect to a given 


M(dine-cm) 107% 


A 
40t MgSO, 
30}, 
20 
0! 
—H70 
D 
OU Le 
10 10? 10? 
Hip 3 
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value of the electric field H, are plotted in Fig. 1, 2, 3, 5 and 6; the abscissae 
give the corresponding dilutions D (solution volume in dm?/g-equivalent). 


A 
40+ ALCNO:); 40 Mg(NOs)s 
a 
> 2 
5 304 Beet 
Ss 6 
È 2 
S20 = 20 
c E) 
3 = 
SS 
104 10 
HG 
(ie 0 È ° 
> 3 
10 102 103 10 10° 10 
Fig. 5. Fig. 6 


In the above named figures also the value of the water’s mechanical moment 

is reported. In Fig. 7 and 8, shown on different scale, are reported similarly 
the plots which give the be- 

haviour of the MD product 

vs. D for the studied solutions. 


04 : 
As it can be seen, the effect 
A\(NO3)3 depends on the presence of the 
Ee! KOH ions in the liquid. The quo- 
© e tient: mechanical torque M, 
El. Mg(N0;), Over the concentration C (that 
dle O.2- Mg S04 is, the MD product) grows at 
x the increase of the dilution D, 
> NaCcl as it happens for the equiva- 
0.1 lent conductivity (which is 
given by the quotient: electri- 
+ _ 9 , cal conductivity over the con- 

LETO 10° 


centration) (Fig. 9). It is how- 

Fig, 7 ever to be noted that, while in 

the case of the conductivity, A, 

already for molecular dilutions of the order of 102, acquires a value which prac- 

tically does not change in function of the dilution, the MD product, for these 

solutions still tends to increase even when the dilution D has reached values 
of the order of 10° cm/g-eq. 

Furthermore we have measured the mechanical moments generated in a 

same solution with respect to the intensity of the rotating electric field and 
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we have found that the values of the rotational moments of the solutions 
increase with the square of the field intensity, that is as given by the Born 
formula. 


IB, fhe 


Measurements have also been taken in order to see how the mechanical 
moment W,, of the different solutions varies at the increase of the frequency » 
of the rotating electric field. In Fig. 10 are reported the plots obtained for 


A À 
KY 
200 
KCl 
ALNO3)3 
aCl 
Mg(NO3)2 
100 MgSO; 
si 5 2 Der 
ind tO 10 


igs 9): 
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the various solutions studied; the abscissae indicate the logarithms of the 
y frequencies, and the ordinates indicate the logarithms of the moments M, 
determined experimentally. 


A 

log M +log 10° 
2.5} «NaCl 
23 + KOH 
x Mg SO, 
2.2F + AL(NO3)3 
dia MURS + Mg(NO3) 

PARE RP rt tp | = 4 4 

Lao 8.1 82° dog va 


Fig. 10. 


In examining these plots it is observed that for certain electrolitic solu- 
tions the mechanical moment grows with frequency, but some of the studied 
solutions show a different behaviour. 

As it can be seen this type of research may bring some new elements in 
the study of electrical conductivities. 


BERE 


We owe thanks to Prof. A. CARRELLI, Director of the Institute, for the 
advice he gave and for the interest he took in the work. 


RIASSUNTO (*) 


In questo articolo riferisco alcune misurazioni dalle quali risulta che soluzioni elet- 
trolitiche poste in un campo elettrico rotante ad alta frequenza (»—100 MHz) pre- 
sentano un notevole momento rotazionale, quantunque per questo ordine di frequenze 
la teoria della torsione dipendente dalla conduttività non preveda alcun effetto. Le misure 
sono state eseguite rispetto alla diluizione (definendo la diluizione come l'inverso della 
concentrazione ed esprimendola in dm?/g eq). Mentre la conduttività A di tali soluzioni, 
già per diluizioni dell’ordine di 10? Q-1 em -(g eq)/l raggiunge un valore che pratica- 
mente non cambia colla diluizione, la torsione, dovuta alla presenza di dipoli, tende ancora 
a crescere quando la diluizione ha raggiunto valori dell’ordine di 10% Q-1 em! -(g eq)/I. 
Inoltre dimostro che la torsione è proporzionale al quadrato del campo elettrico. La 


dipendenza di questo momento della frequenza è una caratteristica di ciascuna so- 
luzione. 


(*) Traduzione a cura della Redazione. 
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Photon-Proton Collision at (250-800) MeV. 


S. MINAMI 


Department of Physics, Osaka City University - Osaka 


‘ (ricevuto il 30 Gennaio 1961) 


Summary. — A simple analysis of the experimental results for photo- 
production of pions at (250--8(6) MeV is made and photon-proton scat- 
tering at these energies is described in terms of shadow scattering due to 
photoproduction of pions. The total cross-sections for photon-proton scat- 
tering show the existence of a strong and broad resonance corresponding 
to the second resonance for photoproduction of pions at about 750 MeV. 
Since the resonance behavior is strongly reflected in photon-proton scat- 
tering, this process may be regarded as one of the most suitable reac- 
tions to study the character of the second resonance. 


1. — Introduction. 


Recent measurements on photoproduction of single and multiple pions in 
the photon energy region extending from 500 to 1000 MeV have shown the 
following remarkable results (16): 


1) there exists a broad and strong resonance level at about 750 MeV; 


2) the angular distributions for y+p —7°+p up to 800 MeV are quite 
compatible with (2-3 sin?6); 


3) the angular distributions for Y+p >x*+ n have a strong cos@ term 
in the region (600—800) MeV; 


(4) O. Piccioni: CERN Conference on High Energy Nuclear Physics (1958). 
(i) J. W. De Wirz, H. E. Jackson and R. Litraver: Phys. Rev., 110, 1208 (1958). 
(3) P. C. STEIN and K. C. Rocers: Phys. Rev., 110, 1209 (1958). 
(4) M. HEINBERG, W. M. McCLELLAND, F. TuRKOT, W. M. WooDwarp, R. R. WILSON 
and D. n Zipoy: Phys. Rev., 110, 1211 (1958). 

(5) J. M. SeLLEN, G. Cocconi, V. T. Cocconi and E. L. HART: Phys. Rev., 113, 
1323 (1959). 

(*) J. I. VertE: Phys. Rev., 111, 622 (1958). 
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4) the differential cross-sections for y+p >7*+n and y+p—>7°+p at 
90° are, respectively, 8 ub/sr and 4 ub/sr at 750 MeV. This ratio of 2 is in 
agreement with a resonance state of isotopic spin I=}; 


5) the fact that the resonance at 750 MeV is due to a strong d,-state 
interaction in the pion-nucleon system seems to be established by measure- 
ments on polarization of the recoil nucleon (7); 


6) in the region (500--800) MeV the magnitude of the cross-section for 
ytp—+>xt+n-+p is of the same order with that for single r* or single 


n° production (cf. Fig. 1 and Fig. 2). 


In photon-proton collision pion photo-production processes play the most 
important role. Therefore it is expected that the process of photon-proton 
scattering can be described in terms of shadow scattering due to the absorp- 
tion (*). In Section 2 we try to perform a simple analysis of the experimental 
results for pion photoproduction. In Section 3 the cross-sections for photon. 
proton scattering in the region (250--800) MeV (*) are estimated on the 
basis of the results in Section 2. 


2. — Phenomenological analysis of pion photoproduction. 


First of all let us pay attention to the angular distribution for y+p > 
->r°+ p (cf. Fig. 1). As is well known this reaction in the low-energy region 
(up to about 350 MeV) can mostly be described in terms of py-resonance. Since 
the angular distributions for this process up to 800 MeV are quite compatible 
with (2+3 sin?0), it is natural for us to assume that M1(J=3) and £1(J=3)- 
states which correspond respectively to p, and d,-states in pion-nucleon system 
are mainly responsible for this process in the region (250-750) MeV. We de- 
note the reaction amplitude of the y+p >n7+.N process for the state of 
magnetic 2'-pole (or electric 2'-pole), total angular momentum J and isotopic 
spin J as 


| Ra CMD) = [RE (AD) |exp(2id7,,( M1) 


21,2J 21,27 21,2J 


| Ri, (Hl) =|R2",,(H 1) |exp(2i ox" 


27,27 are et l)). 

(7) G. Sanvint: 10th Rochester Conference on High Energy Physics (1960). 

(*) Photon-proton scattering at low energy (up to about 3(0 MeV) has been studied 
from a similar viewpoint (8°). 

(*) Y. YamaAGUGHI: Prog. Theor. Phys., 12, 111 (1954). 

(°) S. Minami and Y. YAMAGUCHI: Prog. Theor. Phys., 17, 651 (1957). 

(”) Experimental data for photon-proton scattering up to about 300 MeV have 
been reported by YamaGaTA (19). 

(1°) T. YAMAGATA (unpublished paper). 
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Then the angular distributions which have not anv remarkable forward-back- 
ward asymmetry may be interpreted in such a meaning that 
cos 2 (03, (M1) — di7(F1)} 
a 
in the interference term 


(2) (2V/2/3) | Rss(MA)|-| RIS (21) |cos 2 {055( M1) — diF(21)} 


turns out to be negligibly small although |R!7(M1)|-|RIT(Z1)| has a certain 
Jarge value. This interpretation is consistent 

with the experimental results (7) that the lowe) ae NE 
values of polarization of the recoil proton 260 L (pb) 

are remarkably large in the energy region 
(500-800) MeV, because these states contrib- 
ute to the polarization of the recoil proton 
with 


= eS Se 


(3) | 53 (M1) |: 
-| Ri"(H1) |sin 2 {6 (M1) — 6!7(H1)} 


apart from trivial factors. 

The cross-section o33(7°) due to the M1 
(J = 3), [= 3-state is estimated on the basis of 
one level formula with resonance energy Photon energy (MeV) 
345 MeV and width 140 MeV. Then the con- EIA opal rose nectionst tn ere 
tribution 0,3(x°) from #1 (J =3), I=3-state production. o(7°) represents the 
to n° production can be estimated by experimental value; 033(7°) and 
On?) = (7°) — 033(7°) under the assumption 013(©°) are due to the ($,$) and 
that o(n°) in the energy region (250-800) MeV (2: 2) resonant states respectively. 
is expressed in terms of the strong inter- 
actions of M1(J=3), 1=2 and H1 (J=3), I = 4-states, where o(r°) repre- 
sents the experimental value of the total cross-section for y + p —=7r°+p. 
The curves of ox(n°) and o,,(x°) are illustrated in Fig. 1, (*), where 


200 400 600 800 


(4) On) = (2/3)(70/k2)| RE (M1) |? = (2/3) oz(x) , 
(5) 013(1°) = (1/3)(77/Te?) | RÉEL) P = (1/3) ou(T) . 


Now let us try to discuss the problems of the y+p ~7x*t-+n process. Since 
the contributions from M1(J—3), I=3 and E1(J=3),I=}-states to xt 


(*) In order to get a smooth curve of 013(7°), we make small correction for the curve 
of 033(7°) paying attention to the experimental results for polarization of recoil nucleon. 
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production can easily be given by og(7°)= (1/2) oss(n°) = (1/3) ox) and 
Ont) = 2013(m°) = (2/3) 013(1) respertively, we can express the cross-sections due 
to other states by o'(nt) = o(nt) — os(nt) — 018(T*), where o(7*) indicates 
the experimental value for {+p >7x*+n 

| 3 I DIL reaction. These values are shown in Fig. 2. 
In order to discuss what kind of states are 
responsible for a’ (z+), it is necessary to consider 
240 È the angular distributions for Y+p >7*+n 
which have a strong cos? term in the 
region (600-800) MeV. It is well known 
160 that the #1 (J =4)-state through which s-wave 
pions are produced contributes considerably 
to x* production up to 300 MeV at least. 
The angular distributions for this process at 
low energy could be explained in terms of 
strong interactions both of M1 (J=3) and 
of H1 (J =4)-states. But the case is different 
in the phenomena at energies (600-800) MeV. 
Photon energy | MeV) Instead of the M1 (J=3)-state it is the 

Fig. 2. — Total cross-section for 7° E1 (J =3)-state that plays the most im- 
production. o(x*) represents the portant role in photoproduction of pions at 
experimental value. 033(7*), o13(7") ‘these energies. The strong forward-backward 
and o'(m*) are due to the (3,3), asymmetry of positive pions should be at- 
Dp ee eee oS tributed to theinterference between H1 (J = à) 
states respectively. The main part 2 
of o'(x+) may be regarded as the and some states among the following three 
contributions from H1(J=4) and ones if we take the states up to J=3 
M1(J=3) states. into consideration, M1(J=3}), M1(J=3) 

and £2 (J=3)-states, because the inter- 

ference terms between Z1(J=3) and other states are expressed by the form 


Ton) 
r (pb) 


gin*) 


200 400 600 800 


(6) (*) (1/48?) Re[R7_,(Z1){R,_3(M1)— R,_,(M1)} cos 0 + 
+ Rj _,(H1){R,_,(#1) — V3 RB, _,(M2)}(1 — 3 eos? 6)/2 + 
+ V3 R>_;(H1)-R,_;(E2) cos 0(2 — 3 cos?6)]. 


If the form of asymmetry can be expressed in terms of cos 0 terms only, we 
Shall be able to exclude the possibility of strong interaction in H2 (J = 3)- 
state. As was mentioned in our discussion about the y-x° process (cf. eq. (2)), 


(*) See the Table VI in reference (11). 


(7) S. Hayakawa, M. Kawacucni and 8. MINAMI: Prog. Theor. Phys. Supplement, 
5, 41 (1958). 
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the interference between H1 (J=3), T= and M1 (J=3), I —3-states does. |. © Rs 

2 2 


experimental results for Yÿ+p—7rt+n +p. WILSON (!) has estimated the: à ‘a 


not give rise to any remarkable effect because the magnitude of cos 2{ dr (M1) — 

— di (£1)} is very small. If the strong cos 0-term is due to the interference 
between E1(J=3), I=} and M1 (J=38), I —1-states, the angular distribu- 

tions for y+p—>7°+p should have some character of asymmetry. Thus it 

may be said that the interference effect between EH 1(J=3) and M1 (J=4)- 

states is one of the most important reasons of asymmetry, although any de- 

finite conclusion can not be derived without more detailed knowledge about 

the experimental data. As the interpretation for o/(m*) there may be the fol- 

lowing possibility. A main part of o'(r*) in the low-energy region is attri- | 
buted to the contributions from the H1 (J= 4)-state and that in the high- — 
energy region is attributed to those from the M1(J=})-state. Since the 
E1(J=3}) and M1 (J =3)-states have no large effect on x° production, 


(7) | V3 Ra(B1) + VERE(EL) >| VE RRB) — VIRINZI)|, 
(8) IV REMY) + V& RIT(M1)|>|V$ RAMI) — VI RIMI)|. 


From eq. (7) and (8) it follows that 


(9) o'(nt) 2 o' (xt) + o'(n°) = o'(x), 


where o’(z°) means the cross-section of 7° production due to the interactions. i 
in H1 (J=4) and M1 (J=})-states. Oe 
With regard to the cross-section for double pion production we have only = 3 


branching ratios of the decay of the state N°** into the following decay modes: 


Ne Sa a Ne [4] 
(10) n° + N* [=] 

m+ N* [5] 

mtn pi III 
(11) TO ET En 5] 

x t+r+p Fl E 
where N** and .N* indicate the (4, 3) and (3, 3) isobaric states of the nucleon, > Le 
respectively. If we adopt the above model, the value of o(x*, 77) is nearly de 
equal to half of the total cross-section 013(27) for double pion production through = 

i i 
(12) R. R. Wilson: Phys. Rev., 110, 1212 (1958). 
È 27 - Il Nuovo Cimento. > 
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the process via (4,3) isobar. 


(12) ont, n°) = (3)(x/h?) 


The curves of 643(7) and o,,(7)-+04;(27) are shown in Fig. 3. 


200 400 600 800 
Photon energy (MeV) 


Fig. 3. — The curves show the total 
cross-section for excitation of (3, 3) 
isobaric state and of (+, $) isobaric 
state plotted as a function of photon 
energy, Where 033(7) = 033(7%) +-043(7*), 
013(7)=043(™°)-+045(7+). 013(27) means 
the total cross-section for double pion 
production due to (3, 3) isobaric state. 
The curves (1), (ii) and (iii) show 
613(T)+03(27) in the following cases 
respectively (1) o45(27) = 2o(x*, n°), 
(11) .043(27%)—=o(m*, x), (ili) o,5(27)=0 . 


(12) 1) 013(27) = 
(12)' ii) 013(27) = 
(LO) iii) 013(2r7) =0. 


R37 (HA) |?= 04,(27)/2 . 


For the sake of 
comparison, the total 
cross-sections given by WILSON (1?) 
are illustrated in Fig. 4 (*). 

There may be some possibility of 
overestimation about w,,(2r) when its 
magnitude is estimated by the re- 
lation (12). Therefore it may be 
necessary to 
03(27). Here the following cases are 
examined although the case ill) may 


curves for 


change the value of 


not be expected. 


100 


50 


OQ 200 400 600 800 1000 


Photon energy (MeV) 
Fig. 4. — The values of o3(7) and 
013(7) + 043(27) estimated by Wilson 
(see ref (12)). 


() It is impossible to reproduce the experimental results shown in Fig. 1 and 


De : A ‘ 
Fig. 2 by making use of the curves given by WILSON (aaa) 
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3. — Photon-proton scattering. 


Making use of the results obtained in Section 2 we try to evaluate the 
cross-sections for photon-proton scattering. The contributions from the (3, 3) 
and (2, })-resonant states to cross-sections for this process are expressed by 
the following forms respectively, 


1 — A exp [2ix]|? (7 +3 cos? 0)/4, 


ss(Y-P) = (a/k?)(1 + A? — 2A cos 2a), 


(13) | LOMME 
| 
J 
| 


in DE a0 o 3 |1 — B exp [2ip - 3 cos? 0)/4 
013(Y-p) = (x/k?)(1 + B? — 2B cos 26), 

where 

(15) A = VITRE = RSM) = Vi — | Bag( M1) |? , 

(16) B= V1 —|RG(P1) |? — | R25(E1)|? = + 4a 


Since the process of pions’ photoproduction plays the most important role in 
photon-proton collision, the effects of real phase shifts x and 6 may be neglected 
approximately. Then o3;(y-p) and 0,3(y-p) are expressed as follows: 


(17) 033(Y-P) = (sx/k*) (1 — A)? = (x /k?) (1— V1 —|Ra.(M1)[?), 
(18) 013(Y-P) = (o0/k®) (1 —[B)? = (o0/k®)(1— V1—|R,,(H1)|?)2 . 
It can easily be seen that both o;;(y-p) and o,3;(y-p) are underestimated by 


our approximation because the differences between the values in eq. (13), (14) 
and those in eq. (17), (18) are respectively 


((19) Agss(Y-p) = (2x/k?) A(1— cos 2x) >0 , 
(20) Ao13(Y-P) = (2x/k?) B(1— cos 28) > 0 


Both |R,;(M1)|? and |#,,(H1)|? are of the order of 107, so eq. (17) and (18) 
may approximately be expressed as follows: 


(21) O33(Y-P) = (x/k? )( | Rss (M1) ie = k?)(| RE (M1) |‘ 1/4, 


22) 013(1-P) = (20/k?)(| Ris(P1)]*)/4 
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The expressions for scatterings due to other states can easily be written down 
in a similar way. But the contributions from these states to photon-proton 
scattering turn out to be much smaller than the sum of those from (3, $) and 
(4, 3)-resonant states (*) because the effect of each state on scattering is pro- 
portional to the square of |R,,,,(Ml)|? or |R,,,,(#l)|?. This fact makes it 
possible to describe the main feature of photon-proton scattering in the 
region (300-800) MeV in terms of the shadow scattering due to the resonance 
phenomena in photoproduction of pions. 

Since the interference term between Z1(J=3) and M1 (J = 3)-states con- 
tributes to angular distributions with the form of cos 0, there is no need to 
take into account this interference term when we discuss the differential cross- 
sections at 90°. Therefore 


do(y-p) 


(23) (**) do a! 90° = (7/32 k?) [| Fy3(M1)|*+ | R,,(#1)|*]/4. 


We show in Fig. 5 our results obtained by this method. Moreover the results 
based on the values of 05;(7) and o,(x)+ 013(27) estimated by WILSON (see 
Fig. 4) are also shown in Fig. 5 by the dotted line. 


do (y=P)/4 at 90° 


400 


Photon energy (MeV) 


Fig. 5. — The curves (i), (ii) and (iii) show the differential cross-section at 90° for 
the process y+p +y+p corresponding respectively to those in Fig. 3. The dotted 
line represents the results based on 033(7) and 043(7 )+-013(27) in Fig. 4. 


CeCe Wie 3: 
(*) Cf. eq. (13) and (14). 
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The cross-sections for photon-proton scattering have a remarkable peak 
corresponding to the second resonance for the process of pion’s photoproduc- 
tion. Strictly speaking o,;(y-p) in eq. (22) is proportional to %?[oj(©) + 
+ 013(27)]? because |R,3(E1)|® is proportional to k? [o,3() + 01(27)] (ef. 
eq. (5), (12) and (16)). This k?-dependence of 0:3(Y-P) is the very reason 
why o(y-p) may have a large value at the energy of the second resonance 
rather than the first resonance in spite of the fact that ox) + 018(27) at 
about 750 MeV is smaller than 033(r) at 325 MeV. Thus the resonance behav- 
ior due to the strong interaction of the d,-state is strongly reflected in the 
process of Y+p >vy+p. This process may be regarded as one of the most 
suitable reactions to study the character of the second resonance. As is illu- 
strated in Fig. 5, the cross-sections values in the neighbourhood of the second 
resonance depend strongly on o,;(2x). We should like to get reliable ex- 
perimental data for double pion production by y-rays. 


RIASSUNTO (*) 


Faccio una semplice analisi dei risultati sperimentali nella fotoproduzione di pioni 
a (250—800) MeV e descrivo lo scattering fotone-protone a queste energie in funzione 
dello scattering ombra dovuto alla fotoproduzione di pioni. La sezione d’urto totale 
per lo scattering fotone-protone indica l’esistenza di una forte e larga risonanza a 
circa 750 MeV in corrispondenza della seconda risonanza per la fotoproduzione di pioni. 
Poichè il comportamento della risonanza viene fortemente rispecchiato nello scattering 
fotone-protone, questo processo può esser considerato una delle reazioni più adatte 
per lo studio del carattere della seconda risonanza. 


(*) Traduzione a cura della Redazione. 
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Circular Polarization of Bremsstrahlung 
Emitted by a Longitudinally Polarized Electron 
in Weizsäcker-Williams Method. 


SASABINDU SARKAR 


Indian Association fot the Cultivation of Science, 
Department of Theoretical Physics - Jadavpur, Caleutta 


(ricevuto il 6 Febbraio 1961) 


Summary. — The method of Weizsäcker and Williams is applied here 
to calculate the circular polarization of bremsstrahlung produced in the 
field ot nucleus by a longitudinally polarized electron. This method, 
valid only for extremely high energy of the electron, simplifies the cal- 
culations by reducing the problem to one of Compton scattering in a 
suitable Lorentz frame. 


Introduction. 


The longitudinal polarization of the electrons emitted in B-decay or pu-e 
decay is detected by observing circular polarization of the bremsstrahlung 
produced by the electrons themselves. This phenomenon has been investigated 
by McVoy (1), BANERJEE (2), FRONSDAL and ÜBERALL (*) all of whom have 
made the calculation by the laborious perturbation method. The object of 
the present paper is to see whether the same result can be achieved by the very 
much simpler method of WEIZSACKER (4) and WILLIAMS (5) which consists in 
choosing a Lorentz frame in which the colliding electron is at rest and the field 
of the nucleus now moving is represented by a set of photons of different fre- 


Gy Me Vox s Phys. Rev, 106, 828 (1957). 

(?) H. BANERJEE: Phys. Rev., 111, 532 (1958). 

(3) C. FronspaL and H. ÜBERALL: Phys. Rev., 111, 580 11958). 
(*) C. F. v. WEIZSACKER: Zetts. f. Phys., 88, 612 (1934). 

(5) E. J. WirLiams: Kgl. Dansk. Vid. Selsk., 18, No. 4 (1935). 
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quencies. The photons suffer Compton scattering at the electron. An exactly 
opposite Lorentz transformation brings us back to the initial position and the 
scattered photons become the bremsstrahlung. For high-energy collisions 
Weizsacker and Williams’ method gives results of correct order. Lipps and 
TOLHOEK (5) have made calculations for the different types of polarization of 
light scattered by an electron polarized in any direction. Taking their results 
we investigate the phenomenon of circular polarization of bremsstrahlung 
emitted by a longitudinally polarized electron by the method of Weizsäcker (4) 
and Williams (5). 

We first choose a co-ordinate system in which the electron is initially at 
rest while the nucleus is moving past the electron with a high velocity. Fol- 
lowing BATDORF and THOMAS (7) we neglect collisional impacts of the electron 
within the nuclear radius ~hZ*/me (fi, Z, m are the Planck’s constant, charge 
number of nucleus and mass of the electron respectively) and analyse the 
contracted Coulomb field by means of virtual quanta. The differential cross- 
section of Compton scattering for initially polarized electrons according to 
Lipps and TOLHOEK ({) is 


dg ez \2 k? : 3" 
(1) dO =. (=) ke {Dy | D, (5) + D, (£, Co)f , 
where 

Helse k oP 
D, = SÉ x sin? «|, 
dt cla 

D,(é) = go Sin? ©, 

(2) 


Il 
D.(é, Co) = goal COS x) Co (k COS & + ko) é 


mek 
me? + ko(1— COS «) 


k, is the energy of the incident virtual quantum and k that of the scattered 
quantum, e is the charge of the electron, x is the angle of scattering and dQ 
is the differential solid angle of the scattered quantum. § and &, the polariz- 
ation vectors of the scattered light quantum and the initial electron respectively. 
The three components of & known as Stokes’ parameters, determine the state 
of polarization of the photon completely. Let the general expression for the 


(6) F. W. Lipps and H. A. ToLHOEK: Physica, 20, 395 (1954). 
(7) S. B. Barporr and R. THOMAS: Phys. Rev., 59, 621 (1941). 
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wave function of the photon be 


A exp [i k-x] = Aa, exp[i ka] + 4,0, exp[k-x], 


(3) : | 
|a.}}+]@}}=1, 


where unit vectors A, and A, (perpendicular to the wave-number k) denote 
the two basic polarization states of the photon. Then 


5 k DE . $ * 
(4) E=|a|—|a,}}, . 6 = a0, + a0), +64 == (a0, — 04) 


In particular when a,=i6a, (6 is +1 or —1 according to whether the light 
is right-handed or left-handed circularly polarized) 


(5) f= Ca and &=0, 


E,, &, and &, denote the probabilities of circular polarization, and the two linear 
polarization respectively. 

The number of incident quanta of energy k, to k,+dk, to pass the par- 
ticle is 


Elilmeke 
2 e2 dk dra. D AR / 
: DEN Nan RS a 
(6) (aa i Po) eho. e a 
liz3lme 


where £ is the electron energy and Z the nuclear charge number. 
The energy of the scattered quantum, k’ and the angle of scattering x’ 


in the laboratory system are given by 


farà (0) 

(7) k'= k (1 — Leosx) E/me?, 
e 

and 

(8) AE cos a — v/e 


| 1— (v/e) cosa’ 


where v is the velocity of the electron. 
Writing k’= eH and using the relation (2) we obtain 


1 — cosa 
"————_——- € 
SA 1 — (v/e) cosa 
The probability of emission of a quantum of energy k’ is given by 


(9) SANTI ae 


dQ À dQ ° 
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After making the transformations (7) and (8) and writing 6=2—.«’ we ob- 
tain the probability of circular polarization of bremsstrahlung of a longitu-- 
dinally polarized electron as (4—e—1) 


(10) i 


where 
do, Le OFC (1+ cos 6)? 1 
Cu) | sin? @ + e? eer, oe 
dQ (Ko) (1 — (v/e) cos 6)? a Th + v/e — e(1+ cos 0) 1 + v/e 
and 
do, _ C(I) 1+ così | 1 do, 1+così 
dQ 3? 1 oie SOUS) dO." 1 oe al 


The formula (10) for the case of circular polarization is derived from (1) and (9) 
by substituting particular values for the Stokes’ parameters as given in (5) 
or directly by using the expression a,(4,+76A,) exp[ik-x| for the vector 
potential of the emitted photon in the matrix element. 

The expression for the circular polarization is given by 


(11) P_= (do,/dQ)/(do,/aQ) . 


e 


: ‘ - . RO rr 
In Fig. 1 the circular polarization 3 


for 100% longitudinally polarized 
electron of initial energy H=6 
(& 2.5 MeV) vs. fractional photon 
energy k/(H — 1), (energy is measured | 0.6} 
in units of rest energy of electron) % 


is plotted and compared with the o4l 
corresponding graph of FRONSDAL 
and ÜBERALL (3) for various photon o2! : 


emission angles. The agreement be- 
tween the two graphs is satisfactory. Fe tea 
Eq. (11) shows that the cross- 0 0.2 04 0.6 0.8 1.0 

section for right-handed circular We a 
polarization is larger or smaller than Fig. 1. - Circular polarization P, (for 100%, 
that of the left-handed circular pola- longitudinally polarized electron) for initial 
rization of the bremsstrahlung accor- el SOLO BROS ae eat nS si MOT) pre pe 
; RE tional photon energy k/(Æ — 1) for emission 
ding as the polarization of the elec- angles of 0° and 30°. Our result is shown 
tron is parallel or antiparallel to its jin broken line and that of Fronsdal and 
momentum. The circular polarization Uberall in solid line. 


all L = 


oe 


is 
ts cs 
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P, of the bremsstrahlung emitted by 100% longitudinally polarized electron 
varies from zero for soft radiation to almost 100% at the high spectral end. 
Further the circular polarization has got little variation with the angle of 
emission of the radiation. 

In the case of electrons incident at extremely high energy the bremsstrahlung 
is mostly emitted in a small cone in the forward direction. In this case we get 
the average of circular polarization P, of the entire cone of radiation by in- 
tegrating (10) over the photon emission angle. 

Putting v=c 


Blmo2z* Elmc*ko 


2 2 92 \2 ly 
(12) o(e, E)de=2 mate | 7: ae far, | Lo 
È 


~ he\me i 
&€/2(1—e) 2 
| [ae ee Le eer is EN ER DE 
{ les, (e TOR kay! ve 
Bee Vandel One ca na 21 — 6) 
~ he\mez]" È Da ae aziona emeZt 
26(1— e) + 186? 
eye re on} 


For extremely high energy of the incident electron the part of (12) containing 


2E(1— e) 
In ——— 
eme3Z3 

as a factor is much greater than the remaining part of (12), so the circular 
polarization summed over all 


angles of emission of photon is 
independent of the initial energy 
of the electron. 

Fig. 2 represents the circular 
polarization P, integrated over 


Fig. 2. - Circular polarization inte- 

grated over photon emission angles 

for extremely high initial electron 

energy vs. fractional photon energy 

k/E. Our result is shown in broken 

lines and that of Fronsdal and Uberall 
in solid lines. 
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the emission angle as a function of the fractional photon energy; our results 
shown in broken lines are in good agreement with those of FRONSDAL and 
UBERALL (7) shown in solid lines. 


The author is grateful to Prof. D. Basu for his constant help and guidance 
throughout the progress of this work. 


RIASSUNTO (’) 


Si applica qui il metodo di Weizsäcker and Williams per calcolare la polarizzazione 
‘circolare di bremsstrablung prodotta nel campo del nucleo da un elettrone polarizzato 
longitudinalmente. Questo metodo, valido solo per altissime energie dell’elettrone, 
semplifica i calcoli riducendo il problema a quello dello scattering Compton in un’op- 
portuno schema di Lorentz. 


(*) Traduzione a cura della Redazione. 
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Photoproduction of 7° in the Coulomb Field of the Electron. 


P. G. Sona 


Laboratori O.I.S.E. — Segrate, Milano 


(ricevuto il 22 Febbraio 1961) 


| Summary. — Parallel to the process, studied by PRIMAKOFF, of photo- 
production of 7° in the Coulomb field of the nucleus, there exists another 
| photoproduction process of 7° in the Coulomb field of the electron. 
The total cross-section is of the same order as that of the Primakoff pro- 
so È cess, divided by Z2. A formula is given for the angular distribution in 
AR the ©. m. system. The possibility is considered of utilizing this pro- 
34 cess to determine the mean life of 70. 
ob 1. — The purpose of this work is to study the reaction 
“8 i) y+e me 
es 
that is the photoproduction of x° in the Coulomb field of the electron. A few 
2A years ago (1) the existence was suggested by PRIMAKOFF 
3 of an analogous process in the Coulomb field of the 
| nucleus; the measurement of the cross-section of this 
À process enables us to know indirectly the mean life 
| of the x°-meson. Though similar substantially, kine- 
matically the two process differ greatly. The Feyn- 
man graph relative to the process (1) is of the type 
; shown in Fig. 1. 
AE Fig. 1. - Feynman The coupling constant in the vertex V, is not 
(4 graph for process (1). known; but because the interaction represented by 
gil (1) H. Primakorr: Phys. Rev., 81, 899 (1951). 
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the vertex V is the same that gives rise to the decay of 7° into two photons, 
we may express in terms of this constant both the life t of 7° and the cross- 
section o for the process under examination, and therefore we have a theoreti- 
cal relationship between 7 and c. The most simple interaction that can be as- 
sumed for vertex V, (for pseudoscalar 7°) is of the type: 


(2) cost: ®_,:(E-H). 


This interaction is the limiting form of a non-local interaction taking place 
with the intervention of a virtual intermediate state of a nucleon-antinucleon 
pair when the mass M of the nucleon is made to tend to co. Therefore the for- 
mulae that can be deduced from it for 7 and o are a good approximation only 
as long as the total energy of 7° in the c.m. system is somewhat smaller 
than M. 

The graph of Fig. 1 is topologically identical to the one relative to the 
decay xr° + et+e-+y studied by DALITZ (?), as also to that of the process 
e*+e- > 7° considered by some authors. The difference consists only in 
the different classification of the four lines leaving the graph as ingoing or 
outgoing particles. 


2. — Let us consider first the kinematics of reaction (1), assuming the target 
electron fixed in the laboratory system. 

The threshold is at the energy of the photon H,=19.7 GeV. For any 
value of E,, the 7° can be produced only at angles <m,/m,,=1/264 rad, 
while the recoil electron can be emitted between 0° and 90°. Taking for 
instance Æ, — 30 GeV, the production angle of 7° is <1.54:10 rad. There- 
fore x° is emitted in a narrow cone around the direction of the incident y-ray. 
For each Æ,, the maximum production angle of n° is given by 


pe DM (Ma/me)? 
is) OT 2(m,,/m.)H/m. 


€ 


= o Ò * . 
In the c.m. system, n° is emitted with a momentum p_ given by 


2E,/m.— (Mrlme)? 
2(MriMe) V2E,Jm. 


(4) ao: 


For E,=30 GeV this gives pi = m,,:0.264 = 35.7 MeV/c. In the laboratory 


(2) R. H. Daritz: Proc. Phys. Soc. 64, 667 (1951). 
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system, the momentum p, of 7° varies between two limits given by 


2 
m lard fi yt Via -. 
Pr nin = —- = 17.9 GeV/c = così, 
(5) 2m”, 
Prmax = 195 : 


In the case of Æ,— max —Æ., the two photons from the decay of 7° 
form a minimum angle of 2m,/H,; for E,=30 GeV, this angle is — 9-10? rad. 


3. The differential cross-section has been derived from the graph in Fig. 1, 
with the approximations m,/m,<1, m/o<1, o=V2m,H., being the energy 
of the incident photon in the c.m. system. In the c.m. system we obtain 


(0) o(Ÿ) dQ = GL | h | Gal 1+ 4s2(1 + cos 9)? an 


(27) \mxe 1— cosd+e 


where: ? = production angle of 7° in the c.m. system, 


ms\? (1 = s)2 (2 —s 
E — = Ls. a |e cosy — 1); 
Ma s aS 


g = coupling constant 7°-nucleon.’ 


The mean life 7 of 7°, using the same symbols for the coupling constants, 
is given by 


ee 2] È n Mn °C? 
Eat È : È RA 


1 


By integrating (6) we obtain for the total cross-section: 


og À \{mr\ 3 1 | mi seo Ne aS 
8 PE SERIE NS 2 ei) Jr) (ST )- Eel 
eh a 2T (=) (7) | L 4 a 4 halite ("3 1— s)8 2 i | 


This expression is not valid for E, values very near the threshold (the 
Jogarithm should be somewhat >1) due to the approximations made (m,/m,<1, 
mjo<1); and, in view of what has been said above, it is no longer valid when 


— 
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the energy of the r° in the c.m. system is near (or grater than) 1 GeV; (6) also 
permits us to obtain easily the energy spectrum of 7°, for each Æ,, because, 
due to the great forward collimation of the 7°, d cos /dE_, is practically a 


constant (E_.= total energy of 7° in 
the laboratory). From (6) it can be 
seen that o is strongly anisotropic 
and peaked at small angles; cor- 
respondingly, the energy spectrum of 
m™ in the laboratory is strongly con- 
centrated towards 
(towards 4). 

For the sake of comparison we 
shall give the formulae of the differ- 
ential cross-section o'(Ÿ)/Z? for the 
process of Coulomb photoproduction 
of n° from. nuclei, as given by 
MORPURGO (*) (with 
in the symbols for 
stants) : 


higher energies 


some change 


coupling con- 


g'(Ÿ) 24 arg? da à 


(10) 


Ma 903 sin? Ÿ 
M 


À o tot. 10°cm° 
8} 


7h 


100 300 500 700 


ag 2 


for t=10-"s, as function of Æ,--energy 


— Total cross-section for process (1) 


of the incident photon in the laboratory. 


Gate tor E -d9, 
(1+. 20 cos?) 


\ 


Gaze mag | h JC) a 
LD Nino) NM 


| 2) ] ! v ) 
©?) In — — JV! , 
| j ES, DI 


in which the nucleus is supposed of infinite mass and Z-e charge, and 


+ o tot. 10 cm° 


in which v= velocity of outgoing 
o/e: 

In Fig. 2, 3 and 4 are re- 
spectively shown the o,,, given by 
eq. (8) as function of 2 (total 
energy in the c.m. system), the 
same 0, as function of H,, the 
0,,/Z2 given by (10); all these o’s 


init St 
cess (1) for rR10-”s as function of 
2m, with w=energy of the incident 


— Total cross-section for pro- 


photon in the c. m. system. 


(3) G. Morpurco: Suppl. Nuovo Cimento. 16, 17 (1960). 
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From the comparison it can 


be seen that, photon energy in 
the c.m. system being equal, 
+ is of the same order, but 
somewhat greater than 0,,,/Z?. 


Fig. 4. — Total cross-section (-1/Z*) 

of Primakoff process for r= 10-778, 
to Se PI Ey lab. as function of Æ,—energy of the 
100 300 500 700 900 MeV incident photon. 


4. — In principle, the study of process (1) therefore allows an indirect meas- 
urement of the mean life 7 of the 7°, as one obtains for the Primakoff process. 
It is clear however, that the much smaller value of o,,, (Z? cannot be varied 


‘here), the greater E, energies required (~ 30 GeV), and the strong collimation 


forward, impose severe restrictions on the possibility of studying this reaction. 
It should be noted however that the experimental study of the Primakoff 
process shows that there is a strong interference (*) between the Coulomb pro- 
duction and the nuclear production of 7° which lacks completely in process (1). 
As far as the possibility of distinguishing experimentally process (1) from other 
processes is concerned, it should be observed that in a reaction of this type the 
total charge of the interacting particles is negative. This fact suggests the use 
of a technique which visualizes the track of the recoiling electron, and which 
gives at least the sign of the charge of this recoil. 

It is easy to see that it should be possible to have a sufficient number of 
events of this type; but strong limitations arise from the requirement of dis- 
tinguishing wanted events from other types of events, due to the same y-ray 
beam itself, or to the neutron beam produced’ together with the y-rays. 

The angle formed by the two y from r°-decay, though small (see Section 2). 
is always quite greater than the average angle of production of secondary 
particles from purely electrodynamic events, for the same value of I, 


5. — Let us now consider the process: 
(11) et een 


If the negative electron is fixed in the laboratory, the kinematics of this 


‘process is practically identical to that of process (1). The matrix element 


that gives rise to this process is exactly the same: from simple phase-space 
considerations it is evident that the o should also be of the same order of mag- 
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nitude, energy of the incident particle being equal. Thus, in principle, pro- 
cess (11) can also be used for an indirect measurement of 7, provided an 
intense beam of high energy ((20--30) GeV) e+ is available. It should be noted 
that if a linear accelerator of several GeV for e- electrons (as the one pro- 
posed by NEALS and PANOFSKY (*)) could be available, it would be easy to 
adapt it for the production of positrons in a not-too-wide energy interval; 
it would be sufficient simply to insert in the accelerating tube a target of a 
convenient thickness on the path of the electrons, where Æ, = (0.5--1) GeV, 
and adjust the phase of the accelerating electric field in the second part of the 
accelerator in such a way as to accelerate in it the positrons produced in the 
target by the double collisions e- >e-+y (bremsstrahlung), y > et+e- (pair 
production). The same process (11) can be studied, as has been recently pro- 
posed (55), with a storage-ring machine in which two beams (an et beam and 
an e- beam) circulate continuously in the same orbit and in opposite directions; 
in this case the energy of the colliding electrons should be of the order of some 
hundred MeV. 


The author wishes to thank Prof. R. DurmIo for suggestions and discus- 
sions. 


(4) R. B. Neat and W. K. U. Panorsxy: Proc. CERN Symp. on high energy acce- 
lerators and pion physics (1956). 

(5) B. ToUScHEK: Nota interna n. 57 dei Lab. Naz. di Frascati del O.N.B.N. 

(6) G. GHIGO: Nota interna n. 62 dei Lab. Naz. di Frascati del C.N.E.N. 


RIASSUNTO 


In analogia al processo di fotoproduzione di 7° nel campo coulombiano del nucleo, 
studiato da PRIMAKOFF, esiste anche un processo di fotoproduzione di 7° nel campo 
coulombiano dell’elettrone. La sezione d’urto totale è dello stesso ordine di quella del 
processo di Primakoff, divisa per Z?; viene data la formula per la distribuzione angolare 
nel sistema del c. di m. Viene considerata la possibilità di principio di utilizzare questo 
processo per la determinazione indiretta della vita media del 7°. 


28 — Il Nuovo Cimento. 
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The Mass of the Muon’s Neutrino (*). 


J. BAHCALL and R. B. CURTIS 


Indiana Umiversity - Bloomington, Ind. 


(ricevuto il 16 Marzo 1961) 


Summary. — We investigate the effects, on free muon production and 
decay, of a non-zero mass for the muon’s neutrino. The quantity most 
sensitive to the mass of the muon’s neutrino is the shape of the electron 
spectrum from isotropic wt-decay near the maximum electron energy. 
A probable upper limit of 5 electron masses is set on the neutrino’s mass 
using data on the maximum electron energy, but a more accurate eva- 
luation is possible, with current experimental techniques, if data are 
obtained on the shape of the isotropic electron spectrum. 


1. — Introduction. 


The form of the electron-neutrino coupling has been spelled out in detail 
by a series of beautiful experiments in allowed B-decay (1), but a corresponding 
phenomenological determination of the muon-neutrino coupling has not been 
possible. Observations made on decay electrons have been essentially the only 
source of experimental information concerning the muon-neutrino coupling, 
whereas in f-decay crucial observations have also been made on the initial 
and final nuclei. Moreover, radioactive nuclei are more convenient experi- 
mental sources than u-mesons, and this greater convenience has made pos- 
sible a precise measurement of the mass of the B-decay neutrino (2) while a 
similar measurement has not been possible in muon-decay. 

The fact that electrons emitted in u-decay predominantly have energies 
near the maximum electron energy proves that the Pauli principle does not 


(*) Supported in part by the National Science Foundation. 
(1) E. J. KONOPINSKI: Ann. Rev. Nucl. Sci., 9, 99 (1959). 
(?) L. LANGER and D. Morrar: Phys. Rev., 88, 689 (1952). 
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operate between the two neutral particles that participate in u-decay. We 
know, therefore, that the two neutral particles are either a particle and its 
anti-particle or two different species of neutral particles. There is no exper- 
imental information indicating which of these alternatives is correct. 

The assumption that the muon’s neutrino, v,,, is different from the electron’s 
neutrino, vz, has been made by a number of authors (*), primarily to forbid 
unobserved u-decay modes. This assumption implies that the precise meas- 
urements of the B-decay neutrino’s helicity and mass tell us nothing about 
the experimental properties of the muon’s neutrino. There is almost no direct 
information available on the helicity of the muon’s neutrino (4) and published 
estimates on the mass of the muon’s neutrino only set a probable upper limit 
of 8 or 9 electron masses (5). 

Experiments are currently underway to measure the helicity of v,; we shall 
discuss the effects, on muon production and decay, of a non-zero mass, m,, 
for the muon’s neutrino. The experiment most sensitive to m, is a measure- 
ment of the shape of the electron spectrum from isotropic p-decay near the 
maximum electron energy. 

We assume that the mass of the B-decay neutrino is zero and that the V—A 
theory is correct. Our results are valid, however, for either a right-handed 
or a left-handed v, and for a large class of experimentally possible interactions. 


2. — Production of muons. 
There are three ways in which a non-zero m, would affect muon production. 


2°1. Muon-electron branching ratios. - The muon-electron branching ratio 
from pion (kaon) decay is 


1 jo w(t >e - ve) PE. Hvg — PF?) Be 
(1) ™~ w(tsutyy) P(EEn Za) 


me\ (mì — m2 | My (1370) 
ee My) \mr- mi) | Mr) 42 — ¥?)2|’ 


(3) See, for example, T. D. Lee and C. N. Yana: Phys. Rev., 119, 1410 (1959); 
T. KinosHITA: Phys. Rev., Lett., 4, 379 (1960); S. P. RosEN: Phys. Rev. Lett., 4, 613 
(1960). 

(4) See, however, A. T. ALIKANOV, Tu. V. GALAKTIONOV, Yu. V. GORODKOV, 
G. P. ELISEYEV and V. A. Lyusinov: Proc. High Energy Physics Conference at Rochester, 
539 (1960); W. A. Love, S. MARDER, J. NADELHAFT and R. T. SuGEL: Phys. Rev. 
Lett., 4, 382 (1960). 

(5) W. DupzraK, R. SAGANE and J. VEDDER: Phys. Rev., 114, 336 (1959). 
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where 


The muon-electron branching ratio from kaon decay can be obtained from the 


above formula by replacing m, by Mx. 
The experimentally significant quantities are: 


INDI (™ 
9 SE 
(2) (55 a. i 
and 
ABx My 
Ci 
Si Be a 


where B® and B° refer to the case m,=0. The effect of m, on muon-electron 
branching ratios is therefore not observable. 


2°2. Longitudinal polarization of muons. — The longitudinal polarization of 
muons produced in x--decay is (in the rest frame of the pions): 


(4) T_ _ (Hur PY (my 
PNRA] iia 
where 
MEL mi — mi “ea 
(5) ae; 
and 
(6) E,=(m +). 


I°_/I°; is the ratio of the number of left-handed to right-handed muons that 

are produced. The result for x*-decay (or for a right-handed v, in m-decay) 

is obtained from formula (4) by reversing the roles of + and —, and the 

results for K-decay are obtained by changing m, to m, in formula (5). 
Putting the appropriate numbers into (4) we find: 


(7) a ~1.3(™)-10-, 
ATV Me 
and 
A my\2 
8 = PO, a) 
( ) (Oh os (=) Lusi 
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The effect of a non-zero m, on the longitudinal polarization of muons is there- 
fore too small to be observed. 


23. Muon energy. — The energy of muons produced in pion (kaon) decay 
from rest has been given in formula (5). To set an upper limit of 5 electron 
masses on m, using this result would require a muon energy measurement 
of better than 0.02°%, and thus is not a practical method. 


8. — Muon decay. 


We discuss three ways in which a non-zero m, would affect muon decay. 


81. Electron end-point energy. —- The maximum electron energy from u-decay 
at rest is 
(9) roue mi, pi — mi 

amy, 

DUDZIAK et al. (5) have, using formula (9), set a probable (accurate to one 
standard deviation) upper limit on m, of 8 or 9 electron masses. This estimate 
may be lowered by combining their results on the electron end-point energy 
with the recent precision measurements on the mass of the muon (5). We 
find a probable upper limit of 5 electron masses on m,. 

It is difficult to obtain an accurate measurement of m, using data only on 
the end-point energy, since all the experimental information (and error) is 
contained in a single number, £,,,,. 


32. Electron spectrum. — The electron spectrum for u*-decay is (in the 
muon’s rest frame) 


if P2 2m; 
(10) PRE PEdEdLQ(1— a)? por») sa 2 (817, E — D ) 


PP così n mi A 
IE ZA 
E My, My i 
where 
i G2 DI ae mi + Me 
nn FE TN HO 
mi 


gno 2m,(W, — E) 


(6) J. F. LatHROP, R. A. Lunpy, V. L. TeLEGDI, R. Winston and D. D. Yova- 
NOVITCH: Nuovo Cimento, 17, 109 (1960); J. F. LatHROP, R. A. Lunpy, 8. PENMAN, 
V. L. TELEGDI, R. Winsron and D. D. YovanovircH: Nuovo Cimento, 17, 114 (1960). 


2993 


426 J. BAHCALL and R. B. CURTIS 


The electron momentum and energy are denoted by 7 and £, and 0 is the 
angle between the electron’s momentum and the direction of motion of the 
muon as seen from the pion’s rest frame. The polarization P, if the muons 
are not depolarized between production and decay, is 


TT 


OR Tr 
(11) P= Tr 


where /"., J_ are defined by eq. (4). The results for u_-decay (or for a right- 
handed v,) can be obtained from formulae (10) and (11) by reversing the roles 
of + and — in formula (11). For m,=0 (a=0), eq. (10) reduces to the spec- 
trum given by MICHEL and BOUCHIAT (7) except for the term mim, in the 
asymmetric part of I. The value of the muon lifetime computed from (10) 
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Fig. 1. — The electron spectrum for isotropie muon decay is shown for several values of 

the mass of the muon’s neutrino. 


(7) C. Boucurar and L. MicHeL: Phys. Rev., 106, 170 (1957). There are some minor 


errors in eq. (45) of the excellent paper by L. MICHEL: Proc. Phys. Soc. (London), 63 A 
514 (1950), in which the isotropic spectrum for m, 40 is given. | 
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with m,—5 electron masses is lower than the value computed for m,=0 by 
less than 1%. 

The most accurate method for determining m, is the investigation of the 
form of the electron spectrum from the isotropic decay of u*. The shape of 
this spectrum near the maximum electron energy, W.— (mi/2m,) depends 
strongly on the value of m,. For m,=0, the electron spectrum is a mono- 
tonically increasing function of Æ which attains its maximum at H=W,, 
but for m,70, the spectrum goes to zero rapidly as # approaches E,.x- The 
peak of the spectrum is shifted below W, by an amount x m,/2. For values 
of the neutrino mass which are not already excluded by experiment, the im- 
portant electron energy region is about 1 MeV wide, from W,(=52.8 MeV) 
to W,—2m,. The form of the isotropic spectrum in this sensitive region is 
plotted for several values of m,, in Fig. 1. 

The form of the spectrum (10) will not be qualitatively changed by radiative 
corrections, but these corrections, which have been calculated by several 
authors (°), and the resolution function of the measuring apparatus, must 
be folded into (10). The corrected spectrum, containing m, as a parameter, 
can then be compared directly with the observed electron spectrum, and the 
magnitude of m, determined by adjusting m, to yield the lowest y? value 
when comparing theoretical and experimental curves. 

Measuring the electron spectrum shape is a more accurate method of de- 
termining m, than measuring the electron end-point energy, since the shape 
measurement depends on a qualitative change in the form of the spectrum. 
More measurements are relevant for the determination of m, using the shape 
method and thus the accuracy required of each measurement is less. 


3°3. Longitudinal polarization of decay electrons. — The longitudinal polari- 
zation of electrons emitted from unpolarized muons is described (in the muon’s 
rest frame) by 


He 
(12) =D PEdEdOQO(1— x)? 
where the constants have been defined in the previous section. The upper 
sign refers to electrons and the lower sign to positrons. 

The non-zero mass of the electron causes a correction to the usual for- 
mula (°) that is most important at low electron energies and is of order m,/m,,; 


22) (61, ORA «(3Wr 5) 


mice? (_ __Poo, 
so ak 


| (1 + 2&)|, 


Myl 


(8) R. E. BEHRENDS, R. J. FINKELSTEIN and A. SIRLIN: Phys. Rev., 101, 866 (1956); 
T. Krnosurra and A. SIRLIN: Phys. Rev., 107, 593 (1957); 108, 844 (1957). 

(OE UBERALL: Nuovo Cimento, 6, 376 (1957); T. KinosHItA and A. SIRLIN: Phys. 
Rev. 106, 1110 (1957). 
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the correction for a finite mass of m, is most important at high energies and 
is of order (m,/m,)?. The effect of a non-zero m, on the polarization of electrons 
from polarized muons is also small. 


4. — Speculation (7°). 


The only experimental reason for assigning the negative muon and electron 
the same lepton number is that the Pauli principle has been found not to act 
between the two neutral particles emitted in muon decay. If v, is assumed 
different from v,, then lepton number — 1 may be assigned to yu” and y, and 
lepton number +1 to e- and vg. All observed decays then satisfy lepton con- 
servation, and moreover the apparently unobserved processes, u — e+(y) 
and »->e-+e++e- are absolutely forbidden, as in the original proposal of 
KONOPINSKI and MAHMOUD (11). This assignment of lepton numbers is valid 
for either a right-handed or left-handed y,. The scheme suggested here dif- 
fers from the original proposal in two ways: 1) v, is different from v, and 
2) one is forced to conserve separately both muon and electron lepton charge, 
if present ideas regarding weak currents are correct. The non-existence of an 
intermediate boson cannot be inferred from the lack of occurrence of u—e+(y) 
but rather this lack of occurrence may be regarded as evidence for the as- 
sumption that v,, Avg. 


5. — Conclusions. 


The most accurate way to detect a possible non-zero value of m, is to 
examine the shape of the electron spectrum from isotropic muon decay near 
the maximum electron energy. Current experimental techniques are adequate 
for obtaining a much improved estimate of m,. 


We are grateful to Dr. E. J. KONOPINSKI and Dr. R. G. NEWTON for clar- 
ifying discussions and valuable suggestions. 


(!°) These ideas have undoubtedly occurred to many people. We include them 
here to make more plausible the assumption that PEACE 


(7) E. J. Konopinskr and H. Maumoup: Phys. Rev., 92, 1045 (1953). 
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APPENDIX 


The formula 


"d3sd3t 
I (s-a)(t-b)04%(k —s —t) = 


Soto 
TT 2 : 
== ae — &)?0(k? — mi)[k"(a-b) + 2(k-a)(k-b) — x(k? (a+b) — 4(k-@)(kK-b))], 
where 
oro A RES 
and 
mi 
= 7 , 


has been used to evaluate all integrals that occurred in our calculations. 
This formula is especially convenient because of its covariant form. 


Note added in proof. 


We are grateful to Professor S. BLUDMAN for bringing to our attention his discus- 
sion (Gatlinburg Conference on Weak Interactions (1958)) of the possibility that »,72v6. 
He investigated, among other things, the change in the effective 9 value caused by a 
non-zero my (Bull. Am. Phys. Soc., 4, 80 (1959)). 


RIASSUNTO (*) 


Studiamo gli effetti di una massa non nulla del neutrino del muone, sulla produ- 
zione e sul decadimento del muone libero. La caratteristica che subisce di più l’influenza 
della massa del neutrino del muone è la forma dello spettro degli elettroni derivati 
dal decadimento isotropico del u+ nei pressi della massima energia degli elettroni. 
Poniamo un probabile limite superiore di 5 masse elettroniche alla massa del neutrino. 
usando i dati sull’energia massima degli elettroni, ma è possibile fare una valutazione 
più accurata, con le tecniche sperimentali usuali, se si ottengono dei dati sulla forma 
dello spettro elettronico isotropico. 


(*) Traduzione a cura della Redazione. 
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Decay Scheme of “Pb. 


M. GIANNINI, D. PROSPERI and S. SCIUTI 


Centro Studi Nucleari della Casaccia - Roma 


(ricevuto il 4 Aprile 1961) 


Summary. — Some experimental results concerning ?!2Pb — 2!2Bi decay 
are reported. The investigation of the ?!°Pb decay scheme is of some 
interest because until now it is not known whether or not the shell model 
holds in the lead region boundary. Coincidence spectra and y, y angular 
correlations have been employed in order to measure the intensities of 
weakest transitions, and to make spin assignments. A decay scheme 
has been proposed. Further, the doubtful existence of a 177 keV y-ray 
has been unambiguously demonstrated. 


1. — Introduction. 


The lead region is particularly interesting as far as nuclear structure is 
concerned. In the middle of this region there is ®*Pb whose core is particu- 
larly stable, due to the fact that it has a double closed shell (Z= 82, N =126) 

By adding or subtracting one or two nucleons from this core, nuclear 
structures can be obtained for which the first levels are due to the excitation 
of the added particles (or holes). For such nuclei the shell model holds quite 
correctly, if one takes into account—by means of a perturbation theory—both 
the interactions between nucleons outside the closed shells and the coupling 
to the collective oscillations of the nuclear surface. This argument has al- 
ready been treated in a theoretical work by BLOMQvIST and WAHLBORN (1) 
and in a review article by BERGSTROM and ANDERSSON (?). 


(1) J. BLomevist and 8. WAnLBORN: Ark. f. Fys., 16, 545 (1959). 
(2) I. BERGSTRÔM and G. ANDERSSON: Ark. f. Fys., 12, 415 (1957). 
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By adding three or four particles (or holes) to Pb, the following diffi- 
culties arise: 


1) the configuration mixings cannot be neglected; 


2) the strength of the coupling increases and makes possible collective 
vibrations characterized by phonon energies of 1 MeV or less. In this case 
the presence of motions of the nuclear surface produces remarkable pertur- 
bations to the single particle levels. 


By adding to **Pb more than four particles or holes, it is not generally 
possible to employ the shell model. It is not yet clear whether nuclei with 
|AZ|+|AN |= 4 can be described. Of those, just a few have been theoretically 
studied (2°*Pb, Bi). Furthermore, the experimental work on these nuclei is 
still incomplete. In order to obtain more data for theoretical investigations, 
we decided to improve the experimental knowledge of excited levels belonging 
to some of these nuclei. In the present work, some experimental results con- 
cerning the decay scheme of ?!2Pb are described. The essential characteristics 
of ?!2Bi levels were known (#1), while the spins and the intensities of the 
weakest transitions were not yet well known. 


2. — Intensity and conversion coefficients of y-transitions in ?!?Bi. 


A chemically pure source was obtained at the beginning of each measure- 
ment by separating ?!*Pb from a RdTh solution by means of the dithizone 
method (5). In all measurements no source has been employed for more 
than 15 minutes in order that the ?!°Bi formed was not more than 25% of 
the 21?Bi content at equilibrium. 

The experimental set up (Fig. 1) consists of a fast-slow spectrometer to 
which a Hoogenboom sum-circuit can be added (*). The detectors are two 
(13x1)in. Nal(Tl) crystals, coupled to 56 AVP Philips photomultipliers. 
Anode and dinode outputs are provided for coincidence and proportional pulses. 
The coincidence resolving time was t=10ns. The proportional outputs 
were fed, through non-overloading amplifiers, to the analysis circuits. The 
spectra were displayed on a 200 channel pulse height analyser (LABEN). 


(3) E. M. Krissux, A. G. SERGEYEV, G. D. LATYSHEV and V. D. VoroBrov: Nucl. 
Phys., 4, 579 (1957). 

(4) P. G. Rorrrine, W. P. Gantey and G. 8. KLAIBER: Nucl. Phys., 20, 347 (1960). 

(5) L. A. HappocK: Analyst, 163, 59 (1934). 

(6) A. M. HoocemBoom: Nucl. Instr., 3, 57 (1958). 


2999 


432 M. GIANNINI, D. PROSPERI and S. SCIUTI 


coincidence 
circuit 
zt =10mps 


differential 
discriminatori 


coinciaence 
circuit 
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Fig. 1. — Block diagram of the experimen- 
tal arrangement. 


The total y-ray spectrum of ?!°Bi 
is shown in Fig. 2, in which the con- 
tributions from the ?!*Bi daughters 
have been subtracted. After a careful 
analysis y-rays of 115, 177, 239, 300 
and 415 keV were found. The 80 keV 
line is due to the X-rays following 
internal conversion processes. The 
existence of the 177 keV y-ray is of 
particular interest, since, according 
to KRISJUK et al. (*), the correspond- 
ing transition was supposed to be HO. 
In Fig. 3, 4, 5, 6 the spectra in 
coincidence with the 80 keV X-rays 
and 115, 239, 300 keV y-rays are 
shown. In these spectra, the 115, 
239 and 300 keV, y-lines allow a good 
evaluation of both intensities and 
conversion coefficients. However, 
there is a considerable uncertainty 
in the intensity of the 177 keV line, 
the existence of which is doubtful ac- 
cording to many authors. In order 
to clear up this point, we have added 


to the fast-slow spectrometer a sum-circuit set for a total energy release of 


415 keV. The result is shown in Fig. 7. 


From the spectrum analysis the 


existence of a 177, 239 keV cascade is proved in an unambiguous way. As 
far as the apparent existence of a 80, 335 keV cascade is concerned, it 


turns out that it is 


due to the coincidence between 


80 keV X-rays 


following the 115 keV y-conversion and the tail of the 300 keV peak in the 
335 keV region. The presence of this apparent cascade is a direct consequence 


TABLE I. 

Energy y-rays Absolute intensities 
(keV) relative intensities (photons per 2!2Pb decay) 

80 or | (9.44 .7)-10-1 

115 LA e019 (6.6-+1.8)-10-3 

177 0.50 +0.10 (244 .7)-10-3 

239 100 (4.7 “a LO 

300 6.9 +0.4 (3:27) 102 

415 0.33 +0.05 (1.6 + 4): 103 


8000 


100 200 300 400 
Energy (keV) 


Fig. 2. — Total y-ray spectrum of 22Bi 
(daughter contribution subtracted). 
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Fig. 3. — Spectrum in coincidence with 
80 keV X-rays. 
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Fig. 4. — Spectrum in coin- 
cidence with 115 keV y-rays. 


Fig. 5. — Spectrum in coin- 
cidence with 239 keV +-rays, 
showing the existence of 
177 keV y-rays. The upper 
curve refers to a?!2Pb source 
with some daughter con- 
taminations. The 240 keV 
y-line is due to chance coin- 
cidences while the 115 keV 
line is due to true coinci- 
dences with the tail of the 
300 keV line. The lower 
curve refers to a 212Bi source 
and has been normalized 
to the upper one. 
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Fig. 6. — Spectrum in coincidence with 300 keV y-rays. 


200 


Total counts 


az 
on 
(©) 


50 


200 
Energy (keV) 


Fig. 7. — Sum-coincidence spectrum referred to a total energy release of 415 keV. The 
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of the selection criterion introduced by the sum-circuit. In the second column 
of Table I the relative intensities of the y-transitions and of the X-line are 
listed. The values concerning the 80, 239, 300 and 415 keV peaks have been 
deduced from Fig. 2. The intensity of 115 keV transition has been deduced 
from the spectrum of Fig. 3, while the sum-coincidence spectrum of Fig. 7 
was employed to deduce the 177 keV y-ray intensity. 

In third column are listed the absolute intensities deduced from the inten- 
sity ratio 1(239)/1(2 610) =1.31 + 0.25 (?) and the branching value «/(«-+-8) = 
= 0.359 + 0.001 averaged from the results obtained by several authors (8). 

Since the X-line is almost entirely due to the k-conversion of the 239 y-ray, 
it is possible to calculate the conversion coefficient of this transition, correcting 
for the existence of other converted y-rays and for the fluorescent yield. The 
k-conversion coefficients of the remaining weakest transitions can be calculated 
from the data of Table I, together with the intensity ratios of the corresponding 
conversion lines reported by KRISJUK et al. These values are listed in the 
second column of Table II. In the third column are reported the values ob- 
tained by means of the coincidence spectra of Fig. 3, 4, 5, and 6. 


Amon JMS 
k-conversion coefficients 
Energy i 
Deduced from Table I Deduced from 
and from KRISJUK (8) Bios oads 55.6 
115 3.7 +1.0 4.8 +.4 
{ai 0.43 + .10 1.5 +.3 
239 0.68 + .05 — 
300 0.38 + .05 0.45 +.07 
415 0.021+ .005 = 


Our coefficients are in agreement with the ones measured by EMERY and 
KANE (7) and by ROETLING et al. (4). 


(*) G. T. Emery and W. R. KANE: Phys. Rev., 118, 755 (1960). 

(*) F. E. Sexrrze T. A. FarLey and N. Lazar: Phys. Rev., 104, 1629 (1956); 
D. PROSPERI and 8. Scrutr: Nuovo Cimento, 9, 734 (1958); P. Marin. G. R. BisHoP 
and M. HALBORN: Proc. Phys. Soc., 66, 607 (1953); P. Rice Evans and N. J. FREEMAN: 
Proc. Phys. Soc., 72, 300 (1958); G. Supp, M. DANIEL, G. W. EAKINS and E. N. Jensen: 
Phys. Rev., 120, 189 (1960). 
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3. — Spin determination of the 300 keV level in 2!2Bi. 


In order to give a complete assignment of spins and parities of the levels, 
an angular correlation measurement for 300, 115 keV cascade has been carried 
out. The experimental device employed the same electronic equipment de- 
scribed above. The solid angles subtended by the detectors were each about 
0.58 sr. The attenuation coefficient, G,, has been evaluated to be 0.89. The 
well-known y, y angular correlation in Ni has been employed to test the allign- 
ment of the device. 

The spectrum in coincidence with the 300 keV peak was displayed at each 
angle on a 200 channel analyzer. In this way it is possible to evaluate the 
contribution to the 115 keV peak due to the 80 keV X-rays. After correcting 
for this effect, the coincidence rate at various angles was least squares fitted 
to a 1+a, cos?0 form. This is shown in Fig. 8. The errors listed are both 


180 @ (degrees) 


ZA 
— —11)0(1)1 


0 0.25 0.50 0.75 100 cos? @ 


Fig. 8. — Angular correlation between 115, 300 keV y-rays. The full line is the curve 
fitted by least-squares. The theoretical attenuated curves for different cascades are 
shown by the dotted lines. 


statistical and due to the uncertainty of the X-ray correction. In Fig. 8 are 
also shown the theoretical curves including the solid angle attenuation of the 
counters corresponding to 1(1)0(1)1, 1(1)1(1)1, 1(1)2(1)1, 3(1)2(1)1 cascades. 
The experimental value 


w(t) = 1 + (0.19 + .05) cos?6 
is in good agreement with a 1(1)2(1)1 cascade whose correlation function is 
W®(3)=1+(0.17) cos? Our result is in agreement with the corresponding 


result quoted by RoETLING et al. (4) who employed similar techniques. 


29 - Il Nuovo Cimento. 
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4. — Conclusions. 


The above reported results allow us to uniquely assign the spins and pari- 
ties of levels in ?Bi. The curves of the conversion coefficients in Bi (Z =83) 
for several multipolarities (°) are shown in Fig. 9 together with the averaged 

experimental values obtained from 
> M4 | the columns of Table II. The 115, 

239 and 300 keV transitions turn 
out to be M1 almost pure. In 
Table III the maximum values of 
the #2 admixtures (6?) compatible 
with our experimental results and 
those quoted by KRISJUK et al. are 
reported. 

The 415 keV transition seems to 
be #2. Such attribution is not in 
agreement with the generally assu- 
med level schemes. Because of the 
agreement between our intensity val- 
ue and the corresponding value 
6 quoted by ROETLING, we can sup- 
pose that our figure is correct. At 

Si TERNA aaa present it is not possible to explain 
Energy (keV) the disagreement with the generally 

Fig. 9.- Conversion coefficients in Bi (Z=83) yaaa ee SENIO ti secure 
for several multipolarities. The average consideration holds for the 177 keV 
experimental points are deduced from the transition. In this case, however, 


M2 


85 


sa 
©) 


E2 
E1 


2 
—_ 


K-con version coefficients 


columns of Table II. also a direct evaluation of x, can be 
TABLE III. 
Orme (00) 

Energy 

(keV) present work KRISJUK et al. 

(from «,) (from &,/%7) 

JO 16 0.1 

239 15 0.3 

300 6 — 0 


(9) M. E. Rose: Internal Conversion Coefficients (Amsterdam, 1958). 
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performed by means of the spectrum in Fig. 3. The value so obtained turns 
out to be in a better agreement with the «, value expected for a M1 transition. 
In order to obtain further information on spins, we analyzed the ft values 
of f-transitions in *47Pb. In Table IV these values, deduced from conversion 
coefficients and from our y-intensities are listed. 
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TABLE IV. 
Eg (MeV) Level energy (keV) log ft Spins and parities 
580 0 GI ea 
340 239 5.1 07 
280 300 6.7 Tra 
160 415 5.6 dra 


The spins and parities in Table IV have been deduced from a comparison 
between the experimental data and the systematie behaviour of ft values in 
the lead region (Fig. 10). 


log ft values for | 
forbidden transistion 


e AJ=2, Att =- 
I TE) Agp = 
+475=0, An 3-1 


4 
190 


200 


210 


A (mass number) 


220 


Fig. 10. — Log ft values for forbidden transition in the lead region. 
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From the data reported in the present work, we can propose the decay 


scheme shown in Fig. 11. 


Our scheme is in agreement with that proposed by ROETLING et al. (4) 
while it is different from that proposed by KRISJUK et al. as far as the assign- 


10.6h 


212 
82PD 


(ThB) 


0.16, 4.6%,5.6 


EM 
M1 MI 


0.28,09%,6.7 
0.34,815%,51 
0.58,13%, 6.7 


239 300 


415 
MI M1 M1+(E2) 


Bi  0.65min 


(ThB) le 
0.641 


oO 


0.359 


Fig. 11. - Decay scheme of ?!?Pb (B-energies 
in MeV, y-energies in keV). 


ment of some spins and the existence 
of 177 keV y-ray are concerned. 

All levels must have the same 
parity (x ——1, as predicted by the 
shell model), since all the transitions 
are M1. 

Spin assignments 17, 07 and 1° 
respectively to the ground state and 
to 239, 415 keV levels are deduced 
from log ft and y-multipolarity knowl- 
edges. The spin assignment 17 to 
the ground state is also confirmed by 
x, y angular correlations (1), while 07 
assignment to the 415 keV level is 
rejected due to the 177 keV y-ray 
existence and to the y, y angular 
correlation results. The 27 assign- 
ment to the 300 keV level is essen- 
tially due to 115, 300 keV angular 


correlation results. 

The relative intensities of 415, 177 and 115 keV M1 transitions turn out 
to be 0.24:0.67:1 in evident disagreement with the 40.5:3.6:1 values deduced 
from the Weisskopf estimate. This disagreement, according to KRISJUK, can 
be explained only if level configuration assignments are taken into consider- 
ation. J.e. with the configuration assignment (% 9/2),(à 11/2)? — 17, (h 9/2),- 
* (è 11/2); (9 9/2h > 07, (p 7/2)» (i 11/2), (9 9/2), > 27, (k 9/2), (à 11/2), (9 9/2) >1- 
one can explain the slowing of 415 keV transition because it would result a 
two-particle transition. The noticeable slowing of 177 keV transition, can be 
interpreted by means of the configuration mixings which turn out to be very 
important when levels are very close together as in the present case. In the 
above example the ground state configuration has been assigned according 
to some considerations due to KRISTUK et al. in analogy with Bi. 


(19) J. W. Horton: Phys. Rev., 101, 717 (1956); I. I. Firrmonov and G. A. Prrrov: 
Izv. Acad. Nauk SSSR, Sez. Fiz., 20, 1434 (1956). 
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RIASSUNTO (*) 


Riferiamo alcuni risultati relativi al decadimento 2!2Pb —2!2Bi. La ricerca dello 
schema di decadimento del 2!2Pb ha qualche interesse perchè sinora non si sa se il 
modello a guscio sia valido nei dintorni della regione del piombo. Per misurare le inten- 
sità delle transizioni più deboli e per assegnare gli spin abbiamo adoperato gli spettri 
di coincidenza e le correlazioni angolari y, y. Proponiamo uno schema di decadimento. 
Inoltre abbiamo dimostrato senza incertezze l’esistenza, sinora dubbia, del raggio y 
di 177 keV. 


(*) Traduzione a cura della Redazione. 
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Definition of Uniform Acceleration 
and its Conformal Invariance. 


VACHASPATI and L. M. BALI 


Physics Department, University of Lucknow - Lucknow 


(ricevuto il 16 Aprile 1961) 


Summary. — The usual equation defining uniform acceleration of a particle 
in special relativity, namely (1 — w?)u"+3(uu’')u’—0 where w is the 
velocity and primes denote differentiation with respect to time, is shown 
to be equivalent to (i) O,= KU, u=0, 1, 2, 3 where v, is the four-velocity, 
dots denote differentiation with regard to the proper time, 7, and K is 
a costant. On integration this gives (ii) v,=«, exp [At]+f, exp [— 47] 
and (iii) #,—&,=(1/A)[«, exp [At] — B, exp [— At]] where A=+/K and 
%u> Pu» Ex are integration constants. Three-dimensional forms of these 
equations are given. The invariance of these equations is examined and 
it is shown that under the infinitesimal conformal transformations of 
the coordinates 5x,—{(ax)x, — 3 «ay, [(ax)=a°x,], they are invariant 
provided XK, &,, x, and BP, transform suitably, namely according to 
SK = —2K (ab), dé ,=(a$)E, —3 Ea,+(1/K)(4 a, —-20,), day (aa)E,—(aé)a, 
5B y=(Ba)E, —(Bé)a,, Cp,=(aB)x,+ (ax)B,. Since the transformation law 
for É, is nhomogeneous, it follows that the constants È, cannot be taken 
zero, nor are either A or x, or B, absolute constants. It is interesting 
that the eq. (i) for v, is invariant only if we consider it together with 
its integral (ii); in turn, (ii) is invariant only if we consider it together 
with its integral (iii). Taken by themselves alone, neither (i) nor (ii) are 
conformally invariant, but (iii) is. 


Introduction. 


The problem of a relativistic particle in uniform accelerated motion has 
given rise to considerable discussion in the last fifty years. The work of 
BORN (') in 1909 and PAULTS comment (?) that a uniformly accelerated charged 


(*) M. Born: Ann. Phys., 30, 1 (1909). 
(?) W. PAULI: Enzyklopddie der Mathematischen Wissenschaften: vol. 5 (Leipzig, 1918), 
p- 539, p. 647. Translated as W. PAULI: Theory of Relativity (New York, 1958), p.95: 
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particle should not give rise to any radiation, have been a matter of good deal 
of controversy. Pauli’s argument has found support in the discovery that 
Maxwell’s equations are invariant under relativistic conformal transformations 
which form a wider group than that of Lorentz transformations. Since this 
group contains, in particular, the transformation from rest to uniformly accel- 
erated motion, it is concluded that such a motion cannot be associated with 
(irreversible) emission of radiation. Pauli’s proof has been disputed by 
DRUKEY (*), BonpI and GOLD (*), and recently by FULTON and ROHRLICH (°) 
who have given also a historical account of this problem. 

To decide this question, it is necessary first to define what we mean by 
uniform acceleration. It seems that the usual definition of a uniformly accel- 
erated particle is rather clumsy. Therefore, in this paper we have tried to 
put it in an equivalent but simpler form. The solution of our defining equation 
is immediate and we show how it leads to hyperbolic motion. We then ex- 
amine the invariance of this equation and show that the definition is, indeed 
invariant against conformal transformations. The transformation laws for the 
various quantities that occur in the equivalent definitions are found out. It 
is hoped that this work will facilitate examination of the interesting but 
intricate question of radiationless orbits in relativity. 

The work is divided in two sections, one connected with the definition of 
uniform acceleration, and the other examining the conformal invariance of the 
defining equations. 


1. — Definition of uniform acceleration. 


11. Three-dimensional definition. — After the work of EINSTEIN, MINKOWSKI, 
Born and SOMMERFELD in one dimension, to which reference can be found in 
the book by PAULI (?), the three dimensional definition of a particle in uni- 
formly accelerated motion was given by Hit (°) in 1947. It is: 


Definition. The motion of a particle will be considered to be uniformly 
accelerated if the time rate of change of its acceleration, as measured in an 
instantaneous rest-system, vanishes identically. 


To put the definition in a mathematical form HILL considered two co- 
ordinate systems, the laboratory system S and another system #, con- 


(3) D. L. DRUKEY: Phys. Rev., 76, 543 (1949). 

(4) M. Bonpi and T. GoLp: Proc. Roy. Soc., A 229, 416 (1955). 

(5) T. Futton and F. RoHRLICH: Ann. Phys., 9, 499 (1960). This paper contains 
0 
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nected to each other by the general homogeneous Lorentz transformation 


(1a) r=r—u,|—, (1 —9;*) 449] 
Uo 
(1b) i =[t—(ru,)]go* (go =1— 45), 


where u, represents the velocity with which S is moving with respect to S 
and we have taken the speed of light as unity. It is then easy to compute 
the time rate of change of acceleration of a particle as observed in the S 


system; it is 


(2) u'= 97° [nf + 3g: (uçu') f® is (uo, gu" + 3(uu')u')(f® = Jott) | ; 


where 
ar dr du du’ 
= Ra E I | (0) ne AGD) 2 je igen 
rate at bom SR dé cu ak dal dis 
(3) CPR Ua gi = 1— (mu), 
., (Up 
yee # gi USS Yo(1 er TE n Hoïs UE 0, 1, 2. 


0 


Requiring that S be the instantaneous rest-system for the particle and ap- 
plying the definition of uniform acceleration, we have 


(4) CE Ul, = We, TUE 
When (4) is used in (2), we get 
() (1—- w)u"+ 3(uu')u'= 0. 


This equation is usually taken as the characteristic differential equation of 
uniformly accelerated motion. 


12. Four-dimensional form of the definition. — The eq. (5) which characterizes 
uniform acceleration, looks rather complicated. To put it in a simpler form 


we introduce as parameter, instead of the laboratory time +, the particle’s 
proper time 7: 


(6) | dr = dy V1 — u?. (Co = 1, r = (M: %3)). 


We denote differentiations with regard to the proper time by dots, and 
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easily find 


Qi; 1 A 
Wi Satin fp 
do È 
(7) 4 À A 
Us = (HL i Co) LG ; 
Diy, es (aaa, = 4, dd, SEO 3t,)/%% : 
Writing (*) 
dx 
o p pa Le 9 € 
(3) essay 5 pia OF een ol 
and using (7) in (5), we now get 
(9) V0; => Vo; a = 1 2, on 


The eq. (9) is exactly the same as (5). We can now generalize (9) to read 


0, = 0,0 


j 
y [Vek = 


(16) a 


Since this equation is manifestly relativistic and, moreover, looks simpler 
than (5), we can take it to be our definition of uniform acceleration. 


1°3. Alternative form of the definition. — If one of the suffixes in (10) is zero, 
it becomes the same as (9). If neither of the two suffixes is zero, (10) seems, 
at first sight, to give the new relations 


do, = 0; 4,7 =1, 2, 3, 


which are not contained in (9). However, a simple consideration shows that 
this is not so: if we write (9) as 


(*) Grek indices run from 0 to 3; Latin suffixes take values 1, 2, 3 only. We denote 
contravariant quantities by lower suffixes. Our metric is g°9=1, g!! — g?2?2— g83 - 1. 
Summation convention is followed as usual. We frequently denote scalar product 
of two four-vectors by round brackets, and that of a vector with itself by writing it 
as a square; thus (AB)=A”B,, 42=A"A,. 
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we see that the eq. (10) implies no more and no less than (11). The former 
is therefore completely equivalent to the latter and hence to (9). 

The eq. (11) lead to another form for the definition of uniform acceleration. 
If we equate each of the expressions in (11) to K, we get 


(12) i, = Ko, 


Here K may be a function of (a, %, 22, #3), their derivatives, etc. etc. To 
find it, we multiply both sides of (12) by o” and use 


(13) Pt, (vi) =0, (00) + 07—0- 
This yields 
(14) K =— #3. 


On the other hand, if we multiply (12) by è“ and use (13), we get 


(oo) = 0 
or 
dv? 
— = 0. 
dt 
Substitution of (14) in this equation shows that X must be independent of 7 
and, hence, it must be a constant. 
We shall now consider (12), with A as a constant, as the characteristic 
differential equation defining uniform acceleration. 


14. Three-dimensional form of the new definition. — The three-dimensional 
form of the new definition of uniform acceleration, namely (12), can be easily 
found by a procedure similar to that of Sect. 1°2. We get in this way: 

For u=0. 


(15) Baldy 

where 

(16) A = (nu) + (1—u?)u” + (uu')? — K(1— 3), 
(Mb) Tr = (1— wv*?)u"+ 3(uu')u'. 


For u=1, 2, 3. 


(18) (1— u?}n + Au =0. 
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If we use (15) in (18), we obtain 
(19) uo an 


which is the same as (5). 
On the other hand, if we use (19) in (16), we find, on account of (15), 


(20) (1— w?)u" + (uu') = K(1— uw}. 
This equation does not involve the second time-derivative of velocity. 


15. Solution of the new equation. — The eq. (12), which defines constant 
acceleration, can be solved at once giving 


(21) v, = à, exp[At] + B, exp[—Art], 
where =VX may be real or imaginary, and a, and f, are constants. If 4 


is imaginary, we should have «, and f, complex; otherwise they are real. 
Since v?=1, we have 


(22a) ao” = BBY = 0 
and 
(225) PACA he 


The eq. (21) can be integrated again giving 
(23) Ie 3 («, exp [At] — B, exp [— Ar]), 
where SA are integration constants. The relation 
(24) (a, — E,) = 6, 


which follows from (23) will be useful later (see eq. (42) and (43)). 
If we take u=0 in (23) we get the relation between the laboratory time ¢ 
and the proper time 7. Solving it for 7 we obtain 


(25) exp[4 Ar] = om [ {Arce = Co) wel 4.0% By}? ae ue E) | ) 


x 


where 
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We can now express the three-dimensional velocity u as a function of ¢. 
From (21) and (25) we readily get 


(26) u=u ae A ae 
2 e So BN oye PNA LE, Agi 
where 
i 
(27) “= 3 (ge a 


u = B/Po. 


If we require that the particle should be at rest in the distant past, t > — oo, 
a condition which is usually assumed in electrodynamics, we see that B//, 
should vanish. From (22a, b) we then see that all the components By must 
vanish and «, must be infinite. This initial condition is therefore inadmis- 
sible. Similarly u cannot be made to vanish in the distant future, t — + oo. 
The simplest boundary condition is then to suppose that uw vanishes at t= &. 
This means that we take 


B a 
28 3 TT 
( ) di da 3 
and (26) then becomes 


[e 4 At a &) 


(29) “u=— — =. 
fs Var(t — o)? + 40000 


From (22a), (225) and (28) we now get 
(30) ch = 4. 
Thus % and f, must have the same sign. If we now consider the zeroth 
component of (21), we see that », has the same sign as %. However, the 


definition of the proper time, eq. (6), implies that v, must be positive. Hence 
x, is positive, as well as fn. Therefore, according to (28) and (30), we can write 


(31) (Bo, B) = pal — 0), 
(32) % =|a|>0. 


Notice that while « and 8, both have the same sign and, in fact, are positive, 
the spacial components, a and fB, have opposite signs. 
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If we substitute (25) in (23), we get for the spacial components the ex- 
pression 


, È 
(33) x —E = ut — &) 5(¢ È le E)? + "n ) 


which becomes, on using (28) and. (30), 


(34) x—E= = 


4 
(t— Es) 4 AI 


while, on using (30), (29) gives 


__ Fe Lace A 
o E(t — E)? + 1/22]F” 


(35) u 


where % =|a|. (Cf. (5)). 


2. — Conformal invariance. 


21. Conformal invariance of the new definition (12). — We shall examine 
the invariance of the eq. (12) under infinitesimal conformal transformations, 


(36) Ly ee Lu ui de, ? 
with (?) 
(37) de, = (ax)x, — 304, , 


retaining only the terms linear in a, for consideration in this section. From 
(36) it follows that 


dt? = dx, dx" = dr? + 2de“dòx, 
and we easily get 


T=1+0,So*=1+ (ax), 
(38) % È) 
CD (A 


(7) E. CUNNINGHAM: Proc. London Math. Soc., 8, 77 (1910); H. BATEMAN: Proc. 
London. Math. Soc., 8, 223 (1910); VacHaspati and M. JAUHARI: Proc. Nat. Inst. Sci. 
India, A 26, 115 (1960); VacHAaspati: Proc. Nat. Inst. Sci. India: A 26, 254 (1960); 
A 26, 326 (1960); A 26, 355 (1960); Proc. Summer School of Theoretical Physics held 
at Mussoorie, Pt, I, 27-32 (1958), printed by INSDOC, NPL, New Delhi. See also 
VacHasPatI and L. M. BALI: Proc. Low Energy Nucl. Phys. Symp., Bombay, 512 
(1961) (organized by Dept. of Atomic Energy, Govt. of India). 
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Li 1 

Un = Oy cani L(0, da) Sse [ {1 ale (ax)}v, + (av)æ, — (20)a,] ; 

( dt 7 5 
D dv 1 c Vo e ee 
di <= — 5 [Cou + dg) = dut | = 
È [sey Ws ° 1 + ] 

(39) 2 [{1 + 2(ax)} d, + (av)o, + (ab), — {1+ (20)}a,] , 

oo dò, 1 ahs cae ace pon Di 

di Fi sn (6, + de,)T — 0,7 — 36,7] = 


= = [fl + 2(ax)} ¥, + 2(av)v, + (av), — (xd)a,| ; 


Sar, = (av)æ, + (ax)v, — (xv)a, , 
(40) | Sa, = (ad)u, + 2(av)o, + (aw), — {1 + (wha, , 


da, = (ax)v, + (av)a, — (wB)a, + 3(av)v, + 3(ad)o, . 
Hence we get 


(41) D, — Ko, =5 [ {1 + 2(aw)}¥, + 2(ad)o, + (ad)e, — (wd)a,,— 
— Kf + 4(ax)}o, — K{(av)x, — (æv)a,}| i 


where K is a constant which, we shall presently see, may be different from K. 
When the eq. (12) is satisfied, this becomes 


(42) 5, — Ko, =<" (K — K + 2(a, 6— Kw). 
E: 


On using (24), since 7° =K, we get 


(43) é, — Ko,= — [DK + 2K(aË)], 
T 

where 

(44) SK=K-K. 


From this equation we notice that our definition of uniform acceleration, (12), 
is invariant if we take 


(45) SK =—2K(aé). 
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It is thus seen that, unless È, =0, K is not the same as K. Thus K is 
not an absolute constant in the sense that it remains unaltered through the 
co-ordinate transformations; however, it is a constant in the sense that, in 
any system, it is independent of the appropriate proper time, i.e. 


1. 
dt dt 
We shall see below that &,, «, and f, also are constants only in this sense. 


22. Special cases, K =0 and K=+ co. — Two special cases should be 
mentioned here, namely i) K =0, and ii) K=+ co, or 1/K=0. 


Case) = 0: 
if K=0, the eq. (12) becomes 
(46) 0, =0. 


From (41) we see by putting À —0 and using (46) that 
= 1 : 
Vu = = [2v,(av)] #0. 
T 


This shows that the eq. (46) in which A = 0 is not invariant, unless we take 
the constant arising from the integration of (46) to be zero. This, however, 
is not permissible because it is not a conformally invariant procedure (cf. next 
section). 


Case ti), K= + co. — If 1/K =0, (12) becomes 


(47) o,=0. 


iD 


Now, from (39) 


+ ol . 1 Oda 
De AC 3%;,) == =(% + moe 


If we use (47), the right-hand side becomes zero for arbitrary èe,. Thus the 
eq. (47), if true in one co-ordinate system, would be true in any other co-ordi- 
nate system obtained from the former by arbitrary infinitesimal transfor- 
mations. The eq. (47) is, however, impossible in relativity theory. 

‘We thus see that both the possibilities, K — 0 and K=+ co, are ruled 
out, the former because the eq. (46) is not conformally invariant, and the 
latter because (47) is inadmissible in relativity theory. 
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273. Invariance of the equation (24) and transformation law of È,. — In prov- 
ing that our definition (12) is conformally invariant, we had to use, in 
passing over from (42) to (43), the eq. (24), namely 


(48) o, = K(a,—6,)- 


Since (12) can be derived from this equation by differentiating it with respect 
to t, one would suppose that (48) would be an equally suitable starting point 
for the definition of uniform acceleration. We shall now show that (48) is, 
indeed, conformally invariant provided we use its integral (23) also and trans- 
form K and È, suitably; the transformation law for K is already given by (45) 
and that for & : will be derived presently. 

From (38), (39) and (40) it follows that 


lew 
a K(&,— é,) a © za [Ut (ue — © 03) Sa” + (0, 0, a Vada ) Sa | K K (t+ da, — E)= 


1 é : 
= = O, Ka, — E,)+2(a2)d, + (av)o, + {(ab) — 4K(ax) — DK}æ, — 


{1+ (wb) — 3Ke}a, + KDE, + {OK + 3K(ax)} £,], 
where 


SE =E,—E,. 


Taking into account the eq. (48) and the one obtained from it by multipli- 
cation with æ,, viz. 

(va) = K{a®— (26)}, 
we get 


(49) 0, aa K(&, — Gal i si [(av)o, — {K(a, x = È) a SK} Vu Le 
T 
— {1+#K(0— 6-3 K&} a, +K DE, + (8K + K(ax)} &,]. 


To eliminate v, from this expression, we have to employ the integral of (48) 
i.e. the eq. (23): 


? 


sl 5 
Ly — Ey = [~, exp [At] — B, exp [— Ar]| . 
From this it follows, on using (22a, b), that 


(50) (= d= 
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and 

(51) (av)v, = K(a, 2—€)(x,—&,) + 2C,,, 
where 

(52) OF = (aB)a,, + (ax), È 


Hence (49) becomes 


oa TE = Fa L ia za 7 Ge 
Vu re K(%, Da Su) +4 # 2% {OK n" 2K(aë)}æ, a” 3(1 7 KS) ay + 
+ KDE, + {OK + K(aë)} €]. 


Employing the transformation law for K, viz. (45), we find 


Re) 
ET = 


[20, — IG — KE) a, + K DE, — K(aé) E,|. 


This will be zero, and consequently the eq. (48) will be invariant, if 


/ 


: a 1 jel \ 
(53) = (08) bp 3 E + (31201). 


This provides the transformation law for È, ; we notice that it is inhomogeneous. 
Hence, even if È,= 0, &, is not zero; in fact 


= al 
= apt 20,). 


Therefore, invariance with regard to conformal transformations makes it es- 
sential to keep the term £, in (23) and hence, according to (45), K is different 
from IC. 9) (Of Sect, 22). 

We can simplify C 


u? 


eq. (52), if we employ the relation (31), namely 


il 
(54) Bu ca Ao? ak ; 
where 
(55) (és a*) = (oo a) 


which is valid when the particular choice of initial condition on the velocity, 
characterized by the vanishing of wo, eq. (27), is made. Then (52) yields 


sli 
(56) (Co, C) = 5 (ati, (ax)a) . (ty = |a|). 


30 — Il Nuovo Cimento. 
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24. Invariance of the eq. (23) and transformation laws for x, and p,. — In- 
stead of taking (12) or (24), we can as well take (23) as our basic equation. 
In any case, the requirement of conformal invariance of this equation will 
enable us to find the transformation laws for x, and f, under the infinitesimal 
transformations (37). 

The equation (23) is 


il " À 
(57) Ay = Sn — En — 5 (a, exp [At] — B, exp [— Àt]) = 0. 


Of the four eq. (57), the one with u=0 defines 7 in terms of # and enables 
us to express 37 in terms of 32: 


dA 37 
Lo — SÉ, = — de (x, exp [Ar] — Bo exp [— Ar]) 4 (or LT =): 


-(% exp [At] + BP exp [— At]) + : (Sa, exp [At] — df, exp [— At]), 
or 
(58) mm (37 DI 7 ee. 2 maa ; (Sa, exp [2x] — 385 exp[— 47]) 
(using (57) and (21)), where 
ÔT TT, dA — À—À, 
da, = &,— &, , SB, = B,—B, 


Also, on employing (57) and (50), we get 


à S 1 LT 1 1 
(59) OL, = (AN) ey — ge = (ag) &,— = G 5) On 2? Cu 
Lara ar 1 , 
+ 5 explAr][ (46), + (ax) En— (x6)a,]- exp [— 27][(08)B,+(a8) Ey — (BE) ay] + 


at so [ (ace) 2, exp [2Ar] (aP)p, exp [— 2Ar]] ; 
We are now in a position to find out Des On account of (58), it is seen 


that Ay is automatically zero and what remains is to examine A, with i=1, 2, 3. 
Now 


PER 
(60) AI = LH; — E — AE exp | I [exp [— A7)) = 


ST PE I + a eon L 
= dH, — dE; + — (mn, — &,) Si ir Pa 7 (da, exp [At] — 88, exp [— A7]), 
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where A, that occurred in the right-hand side has been replaced by zero in 
accordance with (57). On substituting (S7--784/4) by the expression 


obtained from (58), we get 


Fa il N S NA N S À 
As ie DI de; — Vi dro — (Vo dE: — VE) + 7 {09 (a; È.) (To Eo) vi} = 
0 v 
J fj S D NS D 
Sn { (Dodo: — 0:00) exp [At] — (7958; — 0:58) exp [— 2x]} : 


When we use (59) and (57) in this, we find 


(61) À; = ex (AT | 4 [ao : — &,;) — È. (ax) (tof; — Poti) — 


S 
= (e = n (ana, — tts) — (HD, — 238) + 
+ exp [= Ar] {(as (Boss — EB) — 35 (09) Paes — cad) — 

= 5 (= Mia) Adi RIE 
+ i exp [247] {(a2) (ant, — Eas) — (28) (8s — a) — (mod — 2:38) } — 


IL 
— ; exp [— 27] {(aB)(B.€:i — Ep) — (BE)(Boti — of) — (Po Di — BidBo)} + 


1 IL 
pds) (Po: = coi Vr 7 (ac) (BoE; sù Eb.) r= 7 (a8) (%&; — E) — 


— 


‘ 


1 (08) (ti — taf) + 7 (BEN atts — aye) + 2 D (Bos — Ba) — 


I: N N di Ne) IN i 
me (Bod%; — Bid) + x (cd; — 4dPo)| - 


V 


Tf we use the transformation rule for ch eq. (53), the coefficients of 
exp[At] and exp[—At] in (61) vanish. In order that the coefficient of 
exp [2Ar] also becomes zero, we must have (on a little re-arrangement of terms) 


(62) ay [(ax)Ë; — (aÉ)a;— Sa; | — a; [(ax)& — (%§ ay — dale 0 


a 


Similarly, consideration of the coefficient of exp [— 227] shows that 


(63) Bo [(aB)E:— (BE)ai— SB] — Pi [(aB)E0— (BE)40— dPol = 0 - 


23 


456 VACHASPATI and L. M. BALI 
Lastly, we consider the constant term in (61). Since A =4° and 


Siero Ha.) 


from (45), it follows that 


and the constant term gives 


(64) Bo da; — Bi dx — (% dpi Xi dPo) (acc) (BoË : — EP) = 
= (a&)( Boa, — Gb :) — (aB)(coË : — Éokx) + (BE)(A;— Go) - 


The eq. (62), (63) and (64) can be satisfied by assuming 


(65a) da, = (ax)Ë, — (aé)a 


(650) dp, = (ap)é, — (BE)a, . 


These equations provide the transformation laws for «, and 6, under the 
infinitesimal co-ordinate transformations (37). 


2°5. Summary and concluding remarks. — We summarize here the main 
results of this work. 
We have shown that the differential equation 


(5) (1— w?)u" + 3(uu')u'— 0, 
[u — dx/dt; primes indicate differentiation with respect to time #] which is 


usually taken to characterize uniformly accelerated motion can be written in 
the form 


9 = ) => DC 
(12) i, = Ko, (0, deze), 
where dots denote differentiation with regard to the proper time, t, of the 
particle, », = #,, and K is a constant in the sense that it is independent of +. 


On integration, (12) gives 


(21) 0, = %, exp[At] + 8, exp[—Ar], 


where 1—VK and a, and f, are constants satisfying (22a, b). A further 
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integration yields 


Il 
(23) Du Ë,= 3 Lx, exp [At] — B, exp [— 47]]; 


(£, are integration constants). The three-dimensional forms of these equations 
are given by (34) and (35) which are valid if w is assumed to be zero at 
ba Ep: 

The eq. (12) is conformally invariant if, when the infinitesimal conformal 
transformations 


(37) dx, = (ax)x, — 42a, 


are made on the co-ordinates, A is simultaneously transformed according to 
(45) OK =— 2K (aé). 


The requirements of relativity and of conformal invariance necessitate that K 
should be neither infinite nor zero (Sect. 2°2). Moreover, we cannot make SA —0 
by choosing &, — 0 because of the following reason. Consideration of the in- 
variance of the eq. (21) demands that È, should transform according to 


el 
ae 20,) 


(i 
Ww 
27) 
re 
I 
= 
QU 
Lu) 
= 
bo | 
HU 
= 
+ 


where ©, is defined in (52). The first two terms of this expression resemble 
dx,, eq. (37), but the last term is independent of É,. This reminds one of the 
transformation law for affine connection in Riemannian geometry and shows 
that we cannot take £,=0 consistently with the invariance condition on (21). 

The transformation laws for «, and f, that occur in (23) are found in 
Sect. 2°4. They are 


(65a) da, = (aa)é, — (aé)a, 
and 
(650) db, = (Ba)é, — (Bé)a, - 


It is to be noticed that the transformation laws for A, «, and 6, contain 
£, in an essential way; if £, could be taken zero, K, ,, 6,, would all be equal 
to Hae, By: 

The novel feature of this analysis is that the eq. (12) or (21) are by them- 
selves not conformally invariant; they become invariant only if we consider 
them together with their integrals. On the other hand, their solution, namely 
the eq. (23), is invariant by itself provided we suitably transform the con- 
stants that occur in it. 
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RIASSUNTO (*) 


Mostriamo che la solita equazione che in relatività speciale definisce l’accelera- 
zione uniforme di una particella, cioè (1 —w?)u"+ 3(uu')u'— 0, in cui u è la velo- 
cità e gli apici indicano derivazione rispetto al tempo, è equivalente a (1) ¢,=Kv,, 
u=0, 1, 2,3 in cui v, è la quadri-velocità, i punti indicano la differenziazione rispetto 
al tempo proprio, 7, e AK è una costante. Integrando si ottiene (2) v,=%, exp [At]+ 


G 


+f,exp[—A7] e (3) @, > É,=(1/4)[a, exp [At] — B, exp[—yz]], in cui y=VK ed ay, 
Bu» &, sono costanti di integrazione. Diamo le forme tridimensionali di queste equazioni. 
Esaminiamo l’invarianza di queste equazioni e mostriamo che per trasformazioni 
conformi infinitesime delle coordinate dx, = (ax)x,—3aa,, [(ar) = x%,x,], esse 
sono invarianti purchè A, £,, «, e Py si trasformino opportunamente, cioè in ac- 
cordo con èK = —2K(aé), SE =(aé)E, —3&a,,+ (1/K) (da, —2c,), Sa, =(aa)é, —(xËé)a,, 
8B, = (Ba)E,—(BE)ay,, Cy = (aB)a, + (ax)B,. Poichè la legge di trasformazione di &,, 
non è omogenea, segue che non si può dare valore zero alle costanti £,, e che nè K, 
nè «,, nè p, sono costanti assolute. È interessante il fatto che l’eq. (1) per v, è inva- 
riante solo se la consideriamo in unione con il suo integrale (2); a sua volta (2) è inva- 
riante solo se la consideriamo in unione con il suo integrale (3). Prese da sole in se stesse, 
nè la (1), nè la (2) sono conformemente invarianti, mentre lo è la (3). 


(*) Traduzione a cura della Redazione. 
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Observations on the Long-Range Interactions of Pions. 


I. Preliminary Results on the Coherent Production 
of two Charged Pions by Pions at 14 GeV. 


F. BALDASSARRE, A. CAFORIO, D. FERRARO, A. FERILLI, M. MERLIN, 
D. H. PERKINS (*) and S. SEMERARO 


Istituto di Fisica dell Università - Bari (*) 


J. C. ComBE, W. M. Gipson (*) and W. O. Lock 
CERN - Geneva 


A. BONETTI, M. DI Corato, A. FEDRIGHINI, A. J. HERZ, A. E. SICHIROLLO, 
L. TALLONE, G. VEGNI and E. VILLAR (**) 


Istituto di Fisica dell'Università - Milano 
Istituto Nazionale di Fisica Nucleare - Sezione di Milano 


(ricevuto il 27 Aprile 1961) 


Summary. — A stack of nuclear emulsion exposed to 14 GeV/e negative 
pions has been examined by along-the-track scanning. Events with 
three outgoing relativistic tracks («tridents») were analysed to see 
whether their features are consistent with those to be expected for inter- 
actions in which an additional pion pair is produced in a process in which 
the nucleus acts coherently. Examples of such proposed processes are 
diffraction dissociation and electromagnetic production. Coherent 
events are characterized by extremely low momentum transfer to the 
«target » nucleus, and by the absence of any evidence of nuclear excit- 
ation. In 168 metres of track, 13 trident events were found in which 
none of the three outgoing particles is an electron. Five of these satisfy 
the criteria for diffraction dissociation, and of these one also falls within 
the narrower criteria for Coulomb production of a pion pair. From these 


(*) Present address: H. H. Wills Physical Laboratories, University of Bristol. 
(*) The work at Bari was supported by grants from N.A.T.0. and the Istituto 


Nazionale di Fisica Nucleare. 
(***) T.A.E.A. Fellow, permanent address: Centro de Fisica Fotocorpuscular, Faculdad 


de Ciencias, Valencia. 
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figures, only upper limits to the cross-sections can be deduced, for other. 
incoherent, processes can give rise to spurious events. If it is assumed 
that the one possible case of electromagnetic production is an example 
of the particular mechanism proposed by FERRETTI (1), one can deduce an 
upper limit of 440 mb to the pion-pion cross-section at the T=1, J=1 
resonance. 


1. — Introduction. 


Considerable interest has recently been shown in a specific kind of nuclear 
interaction of high-energy particles in which other particles are created, but 
in which the target nucleus receives a negligibly small momentum transfer. 

Several mechanisms have been suggested for these processes which belong 
to the class of long-range interactions: the nucleus may interact with the inci- 
dent particle via the exchange of a virtual photon (17), or diffraction disso- 
ciation of the incident particle may take place (?*). Other types of inter- 
action have been described (5) which involve pion exchange with single nucleons 
and which may also give rise to very low nuclear excitation. 

It is the purpose of this report to describe experimental observations re- 
lated to a particular type of such interaction: the production of a pair of 
charged pions by an incident pion in collisions in which the target nucleus 
may have acted coherently. 

For the case of the Coulomb interaction, the magnitude of the cross-section 
for the transition ~-+nucleus +37+nucleus has been calculated by FER- 
RETTI (!) who supposed that the transition probability would be appreciable 
only for those final-state interactions where the created pion pair is emitted 
in a resonant state with J=1 and 7=1 and with an energy of approx- 
imately 4m,. With these restrictions, the expression given by FERRETTI for 
the total cross-section, valid for primary energies between 10 GeV and 25 GeV, 
is (private communication) 


72 / » \2 
(1) On, sn = 1078 n (2) Onn 


where the momentum of the incident pion is denoted by p; Z and A are the 
atomic number and mass number of the target nucleus and Orr 18 the total 


1 FERRETTI: Nuovo Cimento, 19, 193 (1961) and private communications. 


B 
M. L. Goop and W. D. WALKER: Phys. Rev., 120, 1855 (1960). 


) 
) 
*) E. L. FRINBERG and I. POMERANÈUR: Suppl. Nuovo Cimento, 3, 652 (1956), 
) 


( 
(E 
( 
(*) M. L. Goop and W. D. WaLKER: Phys. Rev., 120, 1857 (1960). 
(?) For a discussion of processes of this type see, for example, F. SALZMAN and 
SALZMAN: Phys. Rev., 120, 599 (1960). 


& 
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pion-pion cross-section at the assumed resonance. The experimental results 
can thus yield information on the magnitude of o,_. 

In general the distinguishing features of the processes under discussion are 
the following: 


i) the only secondaries are three charged pions, 


ii) the total energy of the three secondaries is very nearly equal to 
that of the incident pion, the energy transfer to the recoil nucleus 
being only a few hundred keV at most, and 


iii) both the longitudinal and the lateral components of the momentum 
transfer q to the target nucleus are small. 


The limitation on the momentum transfer stems from the two requirements 
that a) the nucleus must act as a whole, and b) in the processes considered 
here the momentum transfer must be too small to lead to disintegration. 

For diffraction dissociation (*') the upper limit to the longitudinal mo- 
mentum transfer is set by requirement 4): 


(2) dii ATE (ere) 


The upper limit to the transverse momentum transfer is set (*) by require- 
ment b) at 


(3) : GI max SI Mr ; 


In calculations concerning the Coulomb process (16) on the other hand it is 
assumed that requirement a) restricts the momentum transfer irrespective of 
direction so that condition (2) should apply to both components of q. 

In the work reported here we have searched for evidence of interactions 
with the features described above. 


2. — Experimenta! details and resuits. 


In this experiment we have analysed «trident events » produced by high- 
energy negative pions in nuclear emulsions (*). For silver the value of 4} max 
(eq. (2)) is 30 MeV/c and for the light elements (C, N, O) it is ~ 60 MeV/c. 
These values must be kept in mind when one considers diffraction dissociation. 


(5) G. N. Fow er: private communication. 

(*) Interactions of this type in which the number of heavy tracks N,=0 and the 
number of relativistic «shower » particles #,—3 are usually referred to as type (0+3),: 
the subscript = indicates a pion primary. 
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Eq. (1) predicts a Z?A~? dependence for the electromagnetic process suggested 
by FERRETTI (1), and this leads to a weighted mean value <q max) = 36 MeV/c. 

The emulsions were Ilford K-5 pellicles, 600 um thick, stacked together 
and exposed to a beam of negative particles of momentum 14 GeV/c from the 
CERN proton synchrotron. This beam was set up by von DARDEL to 
whom, and to whose group, we are indebted for assistance and co-operation. 
Von DARDEL et al. have shown that the proportion of strongly-interacting 
particles other than pions in this beam is very low. The calculated muon 
contamination was only 6%. Contamination of the beam by electrons ap- 
peared to be negligible: no evidence of loss of energy by bremsstrahlung was 
found during scattering measurements on a sample of 77 non-interacting beam 
tracks, each longer than 6 em in emulsion (2 radiation lengths). It can there- 
fore be assumed that virtually all the beam tracks followed were produced 
by 14 GeV/c negative pions. 

In order to assess the reliability of our measurements and the quality of 
our emulsion stack, routine measurements of multiple scattering were per- 
formed on a) the primaries of all nuclear interactions and b) one in five 
of all the beam tracks followed. The results obtained by means of these checks 
show that the measured values of pf are reliable within the statistical limits 
stated. They also allowed the elimination of measurements made in some 
isolated regions of the stacks where distortion was present. 

A summary of the results of scanning along the beam tracks is given in 
Table I. Details of the trident events are given in Table II. There the events 
are divided into 3 groups: 


TABLE I. — Results of scanning: total track length scanned 167.5 m. 
| Event type | Number Mean free path (**) | 
| found = |————________—_ = 
| (em) | (gem?) | 
| 
All stars (*) | 509 | 32.9 | 1% | 
White stars (**) | 85 197 | 754 
(O--0), (stops, charge exchanges) 3 5 580 | 21400 | 
(041), (inelastic scatters) | I 16750 | 64000 | 
(Os). | 16 1047 | 4010 
(043), (*) | 27 | 620 | 2370 


High-energy knock-on electrons | 62 | — | #3 
(89 m of track only) 


Lul TC ‘ 60 Ù à "it ” Le . 
(*) All events recorded with the exception of knock-on electrons, single scatters and pairs 
starting next to the tracks. 
| (**) Events in which all prongs have a blob density less than (1.5+0.15) the plateau value. 
This criterion corresponds to a pion kinetic energy of 90 MeV. 
(***) All events of type (0+3),, including electron pairs produced by pions. 
(*#*) Not corrected for effect of muon contamination. 
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Group A consists of those events which were not accepted for measure- 
ment as one or more of the tracks had an angle of dip greater than 20°. 


Group B contains events in which at least one of the secondary par- 
ticles was identified as an electron. In all these cases two of the secondaries 
were, in fact, found to be electrons. 


Group C comprises those events in which none of the secondaries was an 
electron. 


TaBLe Il. — Events of the type (0+3)x. 


Numbers of events | 


| A) Tridents which could not be analysed D 


B) Electron events (*) | 
Direct pair production by pions | 
pair energy < 100 MeV | 

pair energy > 1(0 MeV | 

pair production with deflection of pion | 

Hence total number of electron events | 11 


bed 2 NI 


C) Pion events (**) | 

« Possible » events, all secondaries measured | 4 | 

« Possible » events; two secondaries measured, one 1 
interacts 

Hence total number of « possible » events 

Number of events rejected because sum of secondary 
energies small | 

Because momentum transters too large 3 | | 

Hence total number of rejected events 8 | 


| 


| Total number of pion events 13 


Total number, events of type (0+3)- | 27 


| (*) Electron events were classified as direct pair production only if no deflection of the 
| primary pion could be detected within the errors of measurements. | 
(**) See text for definitions. | 


In general it was not possible to prove that the secondaries were pions. 
However one third of the number of the secondary particles had momenta 
less than 1 GeV/c and scattering and grain density measurements showed that 
none of them were protons. 

In Table IIT are listed some of the results of measurements and calcula- 
tions concerning the events of group C, Table II. The errors, where given, 
are equivalent to statistical standard deviations. We estimate the standard 
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‘Expire: LIL. -# 


RER es À D (PB) | IL a | LM m* (eels he 
no. | CSS | “Gev/e | MeV/e | MeV/e| 7 | MeV/c? | MeV/c? | GeV/c eo 
21-42 | Poss. ees SLI ZI RZ 16.8 | 886 432 16.853 | 2924 
21-50 DIG: gra | 1311198 25 | 10:1 | 847 | 351 Dos | 6° 48’ 
125 A | Poss. | 16 CUS 42 | 13.8 | 1093 | 307 |ls.8t2, | ooo 
| 146 A rae 1.942 3 13g 57 | 9.4 | 1276 | 829 ‘ De n 7°44" | 
inva Geen eee 1864110 Sou sal a 1017 632 | 0.637082 | 12° 54! 


| = 4 o1E 
SSA Reject | 8.420, 4 sole 23 | 10.3 816 457 |2 i, 6° 15’ 
Al — LA È. | | =i = | a o | 

22-7) Reject 9;9tt e208" 29 (10,9) 910 =| 949% IO e 
GO Reject) © 7.625. al see" ae 9.3 | 818 | 449 SCENE 
15-34 | Reject | 5.9752 | 433% 26 6.8 | 872 —- |3.9708 2° 02 
cu | Ne sel ee 
6-72 | Reject| 14.64? | 3967) | 99 SP TG Ti | SME | 20° 12 

| 16-99 | Reject | 1335 FOUT ie ot 13/6 1) 1030 395 3.4705 6° 
196 Reject | 9.8 V|394#% | 44 | 8.7 | 1123 | 810 | 4.22% 8° 49" 
87 Reject | Interacts | 58215 | 38 | 13.4 | 1046 en eee 


x, = Space angle of the i-th secondary with the direction of the primary: 


deviation of the q, to be about 10 MeV/c. The values of 9, were calculated 
using the approximation q, = (M**— m2)/2p, which implies that the target is 
appreciably more massive than a nucleon. The values of M* (see also further 
below) are derived directly from the measured PPS, assuming all outgoing 
particles are pions. 

Of the total of thirteen events in this group, six show a measured total 
energy (& > pf) of the secondaries which lies within one standard deviation 
of the primary energy of 14 GeV. These events are therefore consistent with 
criteria i) and ii) above. In two of the six, however, the transverse momentum 
transfer q, is very large, leaving four which satisfy the less restrictive cri- 
terion (3). Of these only two satisfy all the conditions discussed earlier; in 


n 
em 
i=} 
Gel 


Wr azimuth angle of the i-th secondary in the plane perpendicular to the direction of the prim 
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events. 
DO La oh Le es does 
| PP 3 | | 
vl % | We (GeV/c) a Ws cos af | cos fs | cosas |Remarks| 
D | 0°30! 220° 00.0255 (6° 5441 13307 0.593 | 0.769 | —0.957 | 
0° 45’ 217" DOG ero aS I2 = 0.868 NO 006 20.86 
| 0°59" | 2779 0.41505, 14919" | 114 0.991 | 0.930 | —0.975 
i 2047! 25 la STE 7284! || 0127%0||— 0.8504. . 02774 | = 0.2971) “Blob 
eee 29-4 D T1919" 54 1948/122308 _'0.936.|. 0.813 | 0.428 
M 36 1 236° 18" 1.345 5°48’ | 116° 20’ || —0.291 | . 0.637.) —-0.525 
| 4°18! FAQ a SAC Wes 284 “Hh -2 0.885)" 0.4218) 20.616 
me) 6° 42" | (199° 0.8405 S°48 SAIS 0.498 | 0.470 | —0.801 
D | ge 4a! 14 0.514227] 96° | 114 0.893 | 0.034 | — 0.883 | Auger? 
3 Ot ee 5 | e à + dirt 
sorts! Sr 9° 36! 1202. 0.897 0.864 | —-0.565 
Tyg! 243°. || 2.0708 9°96") 319° 1-= 0.079") == 0.390122 0.534 
| 2010’ O36 enh 1c. a4 6% 9’ | 316° | —0.032.) . 0.345 )—-0.760 
| 4° 6 LOLS CSS GERGO 3249088 (410) 0770810731: 
4 = angle of the i-th secondary in the c.m. of the three outgoing particles. The other symbols 
have the meaning given in the text. 


one of the remaining two the total secondary energy lies only just within one 
standard deviation of 14 GeV, and in the other the longitudinal momentum 
transfer q, is more than one standard deviation (10 MeV/c) in excess of the 
limit according to relation (2). We label all these four events as « possible ». 
A further event, 142, is classed as « possible » in spite of the fact that one of 
its secondaries interacts after traversing such a short distance in emulsion 
that significant scattering measurements are not possible. The assumption 
that the total secondary energy is 14 GeV brings this event into the « pos- 
sible » class, and we accept it, like the other doubtful cases in this class, as 
we are trying to establish an upper limit to the cross-section. 

We are thus left with five events which satisfy the less restrictive of the 
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criteria. If, instead, we accept only events in which neither g, nor q, exceed 
36 MeV/e by more than one standard deviation, we remain with one candi- 
date: 125 A. Since the total secondary energy and resultant transverse mo- 
mentum are, for all practical purposes, independent quantities, the condition 
that the measured values of both shall lie within one standard deviation of 
the required ones might lead to the inclusion of as few as 70% of genuine 
events. Hence the true number of events satisfying the criteria may be 
about seven (or about 1.4 if the more restrictive criterion is adopted). The 
contribution from the events which were not measured is negligible. 


8. — Discussion and conclusions. 


One can conclude from these preliminary results that the number of events 
consistent with the less restrictive of the criteria given above is not more than 
seven in 168 metres of tracks, 8% of all white stars, a rather large proportion. 
This upper limit is reduced to 1.4 in 168 metres (about 1.6°, of white stars) 
if the more restrictive criteria appropriate to the Coulomb process are applied. 
The latter corresponds to a mean free path of 120 m in nuclear emulsion. 

Hence, for the particular process envisaged by FERRETTI (1) we can deduce 
an upper limit of 8.4 mb for the cross-section in lead for the production of 
tridents. Eq. (1) gives for lead and an incident pion momentum of 14 GeV/c 
Onn = 920,39, 80 that we find o,,< 440 mb at the hypothetical (J=1, T—1) 
resonance. 

It is clear that the above figures for the numbers of events and cross-sections 
represent rough upper limits. In fact, the Ferretti model is only one of various 
possible interpretations of this kind of event. Also, the statistical errors asso- 
ciated with the energy measurements are large (typically 20%) so that the 
apparent balance of energy and transverse momentum in a particular event 
certainly does not exclude the emission of low-energy +°-mesons, neutrons or 
other neutral particles. The transverse momentum of individual secondary 
particles generated in nuclear interactions at these energies is typically 
200 MeV/c, and the possibility that three of the secondaries should by chance 
have a very small resultant transverse momentum is by no means remote. 

Because of the possibility of the existence of virtual bound states of two 
or three pions we have also calculated the following quantities: 


È h sf LI A 2\—h F 
i) the value of y,=(1—°)* of the centre-of-momentum system of 
the three secondary particles; 


ii) the total energy M*c? of the three outgoing particles in their e.m. 
system. If a virtual three-pion bound state exists and can be excited 
in the processes considered here, the calculated values of M*e? should 
cluster around the mass of this state: 
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ili) the total energy m*e? in their own barycentrie system of those two 
of the three secondaries which have closely similar momenta in the 
laboratory system. If a virtual two-pion state with mass around 4m_ 
exists, one would expect m*c? to peak at about that value; 


iv) the angular distribution of the outgoing secondaries in their own 
c.m. system. Given are the space angles «, between the lines of 
flight of the particles and of the c.m. 


All this information is displayed in Table IIT. 

Clearly, no definite conclusions can be drawn at this stage, for while the 
values of M* are all of the same order, there is no significant difference be- 
tween the mean M* for the accepted events (1024 MeV/c?) and the mean for 
all thirteen pion events (1031 MeV/c?). Similarly, while the values of m* are 
entirely consistent with the existence of a resonance in the expected region 
(4m_= 560 MeV/c?), the agreement is of no significance as a calculation of m* 
taking all possible permutations of two tracks from the thirteen pion events 
gave values in the same range. 


In conclusion we wish to acknowledge our indebtedness to Professor B. 
FERRETTI and Dr. M. L. Goon for helpful discussions and communications, 
and to Professor G. BERNARDINI for drawing our attention to Professor Fer- 
retti’s work. We. are grateful to Prof. P. T. MATTHEWS, Dr. F. SELLERI and 
Dr. G. N. FowLER for discussions. We wish to express out gratitude to 
Prof. €. C. DILWORTEH and to Dr. L. SCARSI for their generous assistance and 
criticisms, and to Drs. H. Aty, C. FISHER, and W. VENUS (Bristol) for di- 
scussions and work on ten of the events. It is a pleasure to acknowledge the 
contribution made by Mr. BERTRAM STILLER who took a major part in the 
processing of the emulsion stack during a visit to the Milan laboratory. One 
of us, (E.V.), wishes to thank the International Atomic Energy Authority for 
a fellowship. 


TR, UNIS S) 10! IN) ALO) 


Un pacco di emulsioni nucleari esposte al fascio di mesoni x negativi di 14 GeV/c 
del protosincrotone del CERN è stato esplorato per traccia, e sono state registrate le 
interazioni delle particelle primarie (stelle, stops, diffusioni anelastiche). Il libero 
cammino medio, non corretto per la contaminazione di mesoni à del fascio (— 6%) 
è risultato di em 32.9 su un totale di 168 metri di traccia. Un'analisi dettagliata delle 
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interazioni è stata iniziata, prendendo in considerazione innanzi tutto gli eventi in cul 
tre particelle relativistiche emergono dal punto di interazione con forte collimazione e 
senza eccitazione visibile del nucleo colpito (tridenti). Processi di questo ripo, in cui 
le tre particelle emergenti sono pioni, e in cui il nucleo bersaglio può aver reagito coeren- 
temente con assorbimento trascurabile di energia e quantità di moto, sono stati descritti 
teoricamente come dissociazione diffrattiva della particella primaria, o come interazione 
elettromagnetica con scambio di fotoni virtuali. In quest’ultimo caso è stato data da 
FERRETTI una formula esplicita che (nel caso di un ipotetico stato risonante T= 1, 
J = 1) lega la sezione d’urto per produzione di una coppia di pioni da pioni su nuclei 
complessi alla sezione d’urto pione-pione. 10 dei 27 « tridenti» osservati sono risultati 
casi di produzione diretta di coppie di elettroni. In 5 dei rimanenti casi il bilancio ener- 
getico e della quantita di moto è risultato compatibile con l’ipotesi di un'interazione 
coerente con un nucleo complesso; in uno in particolare sono rispettate nei limiti degli 
errori le condizioni più restrittive imposte dall’interazione col campo coulombiano del 
nucleo. I dati attuali possono fornire solo grossolani limiti superiori per le sezioni d’urto, 
poichè altri processi, non coerenti, possono concorrere alla produzione di eventi del 
tipo qui descritto. Con questa avvertenza, e ammettendo che l’evento compatibile con 
l'interazione elettromagnetica sia un esempio del particolare processo proposto da 
FERRETTI, si ricava un limite superiore di 440 mb per la sezione d’urto pione-pione alla 
tisonanza (Lidi f= IS 
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Experimental Results on the Proton-Nucleus Collisions 
at 27 GeV in Emulsion. 


A. BARBARO-GALTIERI, A. MANFREDINI and B. QUASSIATI (*) 


Istituto di Fisica dell’ Universita - Roma 
Istituto nazionale di Fisica Nucleare - Sezione di Roma 


C. CASTAGNOLI (*), A. GAINOTTI and I. ORTALLI 


Istituto di Fisica dell'Università - Parma 


(ricevuto il 16 Maggio 1961) 


Summary. — We are examining the caracteristics of 3226 stars pro- 
duced by collisions of 27 GeV protons against emulsions nuclei. We 
obtain the mean multiplicities n,=—6.6+0.1, n,—7.2+0.2. The mean 
energy of the secondary shower particles is 2.3+0.2 GeV. The energy 
transfer to the secondary mesons in the Ls. is A ~ 0.6. From the study 
of the angular distribution we obtain the mean number of collisions 
inside the nucleus to be 1.1 and 27 for light anf heavy nuclei respec- 
tively. The mean free path for absorption is A=38.0+1.0 which according 
to an optical model corresponds to a nuclear mean free path 
An=(4.34+0.3) fermi. 


1. — Introduction. 


In this work some features of the 27 GeV protons’ interactions with nuclei 
in nuclear emulsion have been investigated. The beam of protons is produced 


by the CERN Proton Synchrotron in Geneva. 
The results concerning the p-nucleon collisions obtained from the same 


exposition will be analysed in collaboration with other laboratories. 


(*) On leave from Istituto di Fisica, Universita di Torino. 
(**) Now at the Istituto di Fisica, Universita di Torino. 


31 - Il Nuovo Cimento. 
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The main aim of the present investigation is to give a general description 
of the stars and to obtain some information on the energy spectrum of the 
secondary mesons, on the inelasticity of the interaction and on the mean 
number of collisions inside the nuclei of nuclear emulsion. 


2. — Irradiation, scanning, efficiency. 


The so-called « Bern beam » has been used (1), that is, a proton beam scat- 
tered out from the CERN proton synchrotron working nominally at 28 GeV. 
The emulsions used are G-5 600 um thick 3in. x3 in. size. 

The momentum spectrum of the beam has been studied (?) with a magnetic 
analysis at a lower energy; by means of these measurements we can evaluate 
the mean energy of protons in our stack to be: E, = 27 GeV. 

The scanning was performed by area and track following methods; the 

scanning rate per man 
N° of stars day was 1 m by the track 
and 0.5 cm? by the area 

-------area scanning(1640 stars normalized to1586) method. 
track scanning (1586 stars) The analysis reported 
hereafter refers to a total 
of 1586 stars collected 
on 603m of track and 
1640 stars collected on 
33 em? of area scanned. 


200 


150 


The scanning was per- 
formed with a magnifica- 
tion of 50 x, 8X ; special 
care was taken to avoid 
the losses of charged show- 
er particles produced in 
the primary direction. 
All scatterings with pro- 


100 


boaeee=ss cs 


50 


Fig. 1. — », distributions of 
stars from track and area 
Scanning. 


ene — È - 
DANCE leo 8. 20 ea.) Rena 


(1) B. Dayton, W. Kocx, M. Nrxoxié, H. WINZELER, J. C. ComMmBE, W. M. Gipson, 
W. 0. Lock, M. SCHNEEBERGER and G. VANDERHAEGHE: Helv. Phys. Acta, 33, 544 (1960), 


(2) G. Cocconi, A. N. DippEns, E. LILLETHUN and A. M. WETHERELL: Phys. Rev. 
Lett., 6, 231 (1961). 
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jected angle on the emulsion plane > 2° and > 5° in the perpendicular plane 


have been recorded. 


The tracks with a ionization b/b)<1.4 (where b, is the blob density at pla- 
teau ionization) corresponding to a 8 > 0.7 were classified as shower tracks n,. 


This evaluation was made by 
sight and can be a source of 
error in the n, and », multi- 
plicities; but a control on a 
sample of 100 stars shows that 
the error is certainly <1%. 

All the tracks with b/b, > 1.4 
were defined as black tracks n,. 
An evaluation of the efficiency 
by the area scanning method 
can be deduced by comparison 
of the n, and n, distributions 
shown in Fig. 1 and 2. The 
agreement is quite satisfactory ; 
a loss appears only for n, = 0, 
1 stars in the area scanning. 
However, we have defined these 
stars as due to p-nucleon colli- 
sions and we are not consider- 
ing these events in this paper. 
The mean efficiency for the 
shower tracks is e — 1.0 for all 
the stars measured for angular 
distribution of shower particles 
and «= 0.9 for all the unmeas- 
ured stars. 


A N° of stars 


200+ __...__. area scanning(1640 stars 


normalized to 1586) 


track scanning (1586 stars) 


150} 


100 


' 
Se Om 2 


50 


ON ack MO Ze 


24 Ns 


Fig. 2. — n, distributions of stars from track and 
area scanning. 


8. — Mean free path, n, and n, multiplicities. 


The mean free path by track following, concerning stars and scatterings 
> 5°, discarding electromagnetic events (K.O., pairs), is 


À = (38.0 +1.0) cm. 


The comparison between this value and those found by other authors (°) 


is shown in Table I. 


(3) a) A. WinzeLER, B. KzaiBer, W. Kocnu, N. Nixoxié and M. SCHEEBERGER: 
Nuovo Cimento, 17, 8 (1960); b) N. P. BOGACHEV, S. A. Bungatov, T. P. MERCKOV 
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TapLe I. — Mean free path. 


GeV cm References | 
6.2 38.24 1.5 (3) a) 
9 Bolle io) (3) b) | 
23.5 36.6+ 1.0 | (3) €) | 
Dy Bee Ie) | present work 
250 AL =e 10 | (3) d) 


The mean values of n, and n, found in the area and track scanning are 
respectively : 


by area scanning Nr = 8.5 + 0.2 n, = 6.1 + 0.1 


by track scanning Na 1.2 


The maximum number of shower tracks found is n,=26. The above men- 
tioned », value corrected for efficiency is 


Ns = 6.6 SE 0.1 . 


That value together with the multiplicity 7, obtained by various authors (4) 
at different kinetic energies E, of the incident proton are shown in Fig. 3. 

We note that the percentage 7(H) of stars with n,> 6 is 49%; this value 
and those given by BRICMAN et al. (*)f) seem to indicate a linear dependence 
of n(E) with respect to £,. 

This fact is in agreement with a similar observation of ZHDANOY (5) at a 


and V. M. Siporov: Dokl. Akad. Nauk USSR, 121, 617 (1958); c) G. CVIJANOVICEH, 
B. Dayton, P. Ear, B. KLAIBER, W. Kocx, M. NicoLIé, R. SCHNEEBERGER, H.WiIx- 
ZELER, J. C. ComBE, W. M. Gipson, W. 0. Lock, M. SCHNEEBERGER and G. VANDER- 
HAEGE: Nuovo Cimento, 20, 1012 (1961); d) M. W. TEUCHER and E. LORHMANN: (unpub- 
lished: reported by CIRTANOVICH). 

(4) a) W. R. JOHNSON: Phys. Rev., 99, 1049 (1955); è) M. ScHEIN, D. M. HASKIN 
and R. G. GLASSER: Nuovo Cimento, 3, 131 (1956); c) (3) a); d) P. L. JAIN and H. C. 
GLAHE: Phys. Rev., 116, 458 (1959); e) I. M. GRAMENITSKII, M. Ia. Danysu, V. B. 
LiuBimov, M. I. PopGoRETSKII and D. TuvpeNDORZH: Soviet Phys. JEPT, 8 (35), 381 
(1959); V.S. BARASHENKOV, V. A. BeLIAROV, V. V. GLAGOLEV, N. DALKHAZHAV, YAO 
TsyNG SE, L. F. KIRILLOVA, R. M. LeBEDEV, V. M. MALTSEv, P. K. Markov, N. G. 
SHAFRANOVA, K. D. ToLsrov, E. N. Tsiganov and Wan SHou FENG: Nucl. Phys., 
14, 522 (196C); f) C. Brioman, M. CsestHRY-BARTH, J. P. LAGNAUX and J. SAGTON: 
Nuovo Cimento, 20, 1017 (1961); g) present work. 

(5) a) C. W. SMITH, C. P. Leavirr, A. M. SHAPIRO, C. E. Swartz and M. WIDGOFF: 
Phys. Rev., 92, 851 (1953); b) (4) a); c) (4) 5); d) (8) a); e) G. L. Bayarsan, I. M. 
GRAMENITSKII, A. A. NoMOFILOV, N. I. PODGORETSKII and E. S. SKRZYPEZAK: Soviet 
Phys. JEPT, 9 (36), 483 (1959); f) (4) e); 9) (4)f); h) (3) ce); 4) present work. 
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DI 
uw 


o data from track scanning 


@ data from area scanning $9 


E, (GeV) 
30 40 50 


1 2 Sa Om 67 END 20 


Fig. 3. —7, from p-emulsion nucleus interaction as a function of incident kinetic energy. 


lower energy. Quite different is the behaviour of 7, vs. E, as is shown in Fig. 4. 
In fact ©, seems to be nearly constant with respect to £, and the apparent 
decrease is perhaps due only to efficiency in star detection with n,—0, 1 in 
the area scanning data. 


Mm odata from track scanning” 
12 e data from area scanning 
lo 
10 of Da 
“a to 
é ° 
g 
8 
eo] hd 
f 9 
6 
7 Ep (GeV) 
1 a 1 4 | ieee EER | ee nes 
i 2 3 et 70 20 30 40 50 


Fig. 4. — ©, from p-emulsion nucleus interaction as a function of incident kinetic energy. 
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However we note that the percentage of stars found in the track scanning 
with n, >20 is at our energy 6.7% compared with (10--11)% in the energy 
interval between 6.2 and 14 GeV. Also taking into account only the data 
of the area scanning, where the efficiency for n,=0, 1 is quite low, our per- 
centage is 8.8%. 

Moreover the percentage of stars with n, > 6 ((48 --50)%) is constant in the 
total energy interval above mentioned. At our energy the dependence of 7, 
on n, is shown in Fig. 5 for n,>0 and for n,>4, the values have been cor- 
rected for efficiency. 


x stars with n, 


24 
12 
s2 0 


e stars with n 


0 4 8 12 16 20 24 28 


Fig. 5. — ©, vs. n, for stars with n,>4 and n,>0. 


Since 7, increases almost uniformly with »,, no criteria can be derived from 
this plot to distinguish between events due to heavy nuclei and events due 
to light nuclei as was suggested at lower energy (°). 

Also from the integral spectrum of n,, shown in Fig. 6, it is not possible 
to distinguish between light and heavy nuclei; in fact there is no indication 
of a «knee» for n,=7--8, as observed in the analogous spectrum obtained 
by cosmic radiation. This different behaviour is probably due to the energy 
spectrum of the primaries. But in the absence of more reliable criteria, 
we accept the distinction suggested by FRIEDLANDER (7): n,<4 for the light 
nuclei (L-stars), n,>7 for the heavy nuclei (H-stars). 


(5) G. B. ZHDANOV, P. K. Markov, V. N. StrELSTSOv, M. I. Tretyakova, CHENG- 
.Pu-YinG and M. G. SHAFRANOVA: Soviet Phys. JEPT, 10 (37), 433 (1960). 
(7) E. M. FRIEDLANDER: Nuovo Cimento, 14, 796 (1959). 
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The distribution in multiplicity of these Z and A stars is shown in Fig. 7. 
The ratio between the mean multiplicities results to be: 


N° of stars (Pe = 


1586 stars along tracks scanning 
sal le 
PA 
PI 
a 
| 
i | — H stars (1070) 
I 
i | --—-/[ stars (876) 
if 
ae 
3 OE 
} 
} 
cd diul DA (te e 
4 8 12 16 20 24 Op 0 4 8 12 16 20 Ng 
Fig. 6. — Integral distribution of black Fig. 7. — n, distribution for Z and H 
prongs y. stars. 


From the hydrodynamic theory (8) one finds that with a good approxi- 
mation the ratio r is given by 


n 1.55 (la 0.25)? = 1,62 Allg pr = 94, 
7. 0.84(48x0+1) o Aowo = 14, 


As one can see, the agreement is quite satisfactory; this result is also in 
agreement with that obtained at 9 GeV (7) and it is significantly different from 
what one could expect from a plural-type cascade process r=2 +3, as 
is pointed out by FRIEDLANDER (’). 


(8) S. Z. BeLEN'KyJIi and G. A. MiLEKBIN: Soviet Phys. JEPT, 2 (29), 14 (1956); 
S. Z. BELEN'KJI and L. D. LANDAU: Suppl. Nuovo Cimento, 3, 15, (1956). 
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4. — On the energy of the charged shower particles. 


Scattering measurements performed on the secondary tracks are, at this 
energy, very difficult and the errors due to the spurious noise and the statis- 
tical ones are very high. Therefore we have tried to determine this energy 
by the study of the secondary 
stars. Since the proton beam 
has a narrow angular distribu- 
tion (the mean spread being 
10’), we shall define as secon- 


N°of protons 


Angular distribution 


200 of primary protons dary stars produced by charged 
rticles nts showing 

ech pratense DRE CE a the “ui ILE 

325 an incoming relativistic track 


at a projected angle 2°< x< 60° 
with the mean primary direc- 
tion. The lower limit was 
chosen taking into account the 
spread of the primary beam 
(see Fig. 8), the scattering effect 
O7 29 4 6 8° 10 and uncertainties in the angular 

measurements. The 60° upper 

limit (needed to avoid stars pro- 

duced by neutrons) was chosen 
a taking into account the angu- 


100 


N IAA PS mn i di 
SI sess a 1°30 ci lar distribution of the shower 
Fig. 8. — Distribution of projected angle x of pri- prongs of the primary stars. 
mary protons at the edge of the stack. We have compared the an- 


gular distribution of the par- 
ticles producing the secondary stars with the angular distribution of the pion 
from primary proton stars. No evidence appears of a possible bias deriving 
from the geometry of the stack. 

The scanning was performed on 33 em? of emulsion; Fig. 9 shows the fre- 
quency distribution of the n, multiplicity of the collected secondary stars. 
If we reasonably assume that the charged particles producing secondary stars 
are 7-mesons, and if we take into account the known (°) experimental results 


(9) a) M. Brau and A. R. OLIver: Phys. Rev., 102, 489 (1956); 5) ROME GROUP: 
unpublished results; €) (4) b); d) Suurr-KALBACH: in press; e) C. BESSON, J. CRUSSARD, 
V. FoucHE, J. HENNESsY, G. Kayas, V. R. PARIKH and G. TRILLING: Nuovo Cimento, 
6, 1168 (1959); f) H. H. Avy, J. G. M. Durum and C. M. FisHeR: Phil. Mag., 4, 993 
(1959); g) E. M. FRIEDLANDER, M. Marcu and M. Spircunz: Nuovo Cimento, 18, 623 
(1960); h) ROME GROUP: in press. 
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A N° of stars 


on 7”, vs. E for 7x-mesons (see 
Fig. 10), then we can convert 300- 
the multiplicity spectrum into the 


energy spectrum. From Fig. 33 multiplicity distribution of 
secondary stars (685 stars) 


one can see that the contamina- 250! 
tion of secondary protons would 
not affect considerably the energy 
spectrum so determined. We em- | 
phasize that in converting the <a 
multiplicity in energy spectrum 
we must use the smooth line of 
Fig. 9. This fact introduces some  1950F 
arbitrarity; however, any reason- 
able alteration of the line pro- 
duces no noticeable alteration in 100t 


sot 


Fig. 9. — Multiplicity distribution of 
secondary stars produced by the char- 
ged minimum tracks. The smooth 
curve has been drawn to best fit 

the experimental spectrum. 0 


o data from track scanning 
e data from area scanning 


GO LOO 


0.5 


Fig. 10. — n, vs. 
kinetic energy of 
pions En. The 
line has been 
drawn to best fit 
the experimental 


1 2 Ss 4 5 6 7 8 9 10 points. 


Ep (GeV) 
0.1 
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the energy spectrum. The latter spectrum should, however, be corrected on the 


basis of the following arguments. 


First, since in the area scanning there is a loss for small stars, we have 


% N(E) AE 
20 


(O) ME SE CRETE NS EUR PL ae 
is GAY 


Fig. 11. — Pion spectrum of statistical 
theory (Hagedorn). The points represent 
our results. 


corrected the n, multiplicity spec- 
trum according to the efficiency 
appearing from track and area 
scanning. 

A second correction is due to 
the spread of the primary proton 
beam (4% of the primary protons 
have a projected angle > 2° to the 
mean direction of the beam). Then 
the primary protons of 27 GeV pro- 
duce only 2% of the stars defined 
as secondary ones. The calculated 
correction on Æ. can be neglected. 

In Fig. 11 the spectrum of pions 
produced in a p-nucleon collision as 
calculated by HAGEDORN (?°) by the 
statistical theory, is compared with 
the points obtained from the Fig. 9 
with the procedure previously di- 
scussed. We have integrated the sta- 
tistical spectrum in the angular inter- 
val between 2° and 60°. As one can 
see, the agreement between the spec- 
tra is satisfactory in spite of the sev- 
eral limitations of the method. To 
evaluate the mean energy Æ_ of the 
secondary pions one should take into 
account the correction due to the 
cut-offs at 2° and 60°. This correc- 
tion can be done on the basis of the 


theoretical spectrum, which seems to be in agreement with the experimental 
one. That means a correction of 10% for x > 60° with a mean energy of 
0.5 GeV and a 2.5%, correction for «< 2° with a mean energy of 3 GeV. 

The end result for nucleon-nucleus collisions is 


H+ = 2.8 + 0.2 


(1) R. HAGEDORN: Nuovo Cimento, 15, 434 (1960). 
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compared with the mean value of 2.2 GeV obtained by the statistical theory 
for the nucleon-nucleon collisions. The error is only the statistical one. 


5. — Inelasticity. 


One can evaluate the fraction A’ of the energy transferred in the laboratory 
system to secondary pions by the primary proton. If the mean multiplicity of 
charged pions on all nuclei of the emulsion is 


Nrt = N,— 2 i 4.6 


and the mean kinetic energy is 2.3 GeV, we deduce for the total energy trans- 
ferred in pion production 


W,. = SW in: = 16.5 GeV. 


Since the kinetic energy of primary protons is 27 GeV, we obtain 
Kien Ome 


The error AK'/K' evaluated roughly as 30%, is due to several sources. First, 
the number of protons in 7”, is perhaps different from 2; for instance in p-p 
collisions the Hagedorn calculation gives 1.2. This number is difficult to 
evaluate in p-nucleus collisions without mass measurements. A second un- 
certainty is due to the error on Æ., about 6.5%. One can remark that at 9 GeV 
some authors (11) have obtained K'= 0.45 + 0.15 and others (5) 0.33 + 0.09, 
or (12) 0.33 < K'< 0.44. 

One can also evaluate the inelasticity in the c.m. system by means of the 
angular distributions. Since however these distributions depend also on the 
number of secondary interactions inside the nucleus, we prefer to use these 
distributions for this last problem. 


6. — Angular distributions and collisions inside the nucleus. 


The angular measurements on secondary prongs were performed on a sample 
of 284 stars of n,>4 reproducing the true n, multiplicity spectrum. 
For each star we have calculated the value: 


1% 
(1) é=— Yloglctg0,|. 
‘s =1 


(11) N. P. Bocacuey, $. A. Bunsatov, T. Visakt, Yu P. MEREKOV, V. M. Srporov 


and V. A. YARBA: Soviet Phys. JEPT, 11 (38), 317 (1960). 
(12) W. S. BARASHENKOV et al.: (4) e). 
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Since the distortion can influence the angular measurements of the prongs, 
we evaluate this error | AÉ| in our experimental conditions. The Fig. 12 shows 


06 


2 3 4 ® © 

[A log y.| 

Fig. 12. — Correction on the log y, 
for the distortion effect. 


the results obtained on a sample of 33 jets 
in unfavourable conditions on which was 
made the correction. One can see that the 
errors due to the distortion can be neglected 
towards the statistical ones. Fig. 13 shows 
the experimental value of £ for interval 
AË— 0.05. From the two hystograms it ap- 
pears that the two distributions are picked 
for different values of &. 

If one considers multiple collisions inside 
the nucleus, the c.m.s. Lorentz factor is a 
function of the number v of the target nu- 
cleons: 


(2) Ve = (Vo + »)(1 + v2 + Sp) À, 


where y, is the Lorentz factor of the pri- 
mary proton in the ls. y, should have a 
set of discrete values. Using the log y,=& 
from the spectrum-independent approxima- 


tion (!*) one should find the frequency distribution of È to be a superimposi- 
tion of gaussian curves corresponding to the different y. values, with peaks on 
the values given by eq. (1), as pointed out by FRIEDLANDER (7). 


F(5,) n, =2,3,4 (131 stars) 
25 1, 24 


Oil @) Oye (eke es NON 170) 


54392 4 


F(é,) N 27 (153 stars) 
25 ng >4 


1 = 0:20) atom OAs Ob, OO MON 


—<—$—$$——— >) HUH —_4—_—_—————__ 2 y 


SAS 


Pig. 13. — &, distribution for Z-stars and H-stars. The » axis is determined by formula (2). 


(1) C. CASTAGNOLI, G. CORTINI, A. MANFREDINI and D. MorENO: Nuovo Cimento, 


10, 1539 (1960). 
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Our £ experimental distributions do not allow us to derive a statistically 
significant evidence for such «fine structure», We can try to evaluate only 
the mean value v of the number of collisions for the two classes of events. 
We obtain from (1) 


<6), = 0.59 + 0.02, <6, = 0.38 + 0.02, 
that is 


7,=10£01, 9, =3.0 403. 


If we give to each é the corresponding value », we calculate, taking into 
account the maximum length of the tunnel, the mean values: 


—! 
Fe 


1.3 + 0.2, v 


A similar result can be obtained from the plot È vs. n, (see Fig. 14), where 
the È was calculated on a « composite star» containing all the tracks of the 
stars with the same multiplicity. The result is: v,= 2.7. 


0.6 


0.5 


0.4 


0.3 


+» 
SD A tf Yo We We e 0 2 a6 te 
Fig. 14. — &, vs. n, for the H-stars with n, >4. 


From a similar plot we obtain v, =1.0. These values are not statistically 
independent; but the different elaboration gives consistent values. 

We can remark that the behaviour of & vs. n, is similar to that abobe men- 
tioned vs. n.. 
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The ratio »,/v,— 2.5 is not in disagreement with the (ATA from 
the tunnel theory. By means of the tunnel model (14), this ratio is 2.3. 
It is possible, taking into account the absorption mean free path 4a, to 
evaluate the mean free path in nuclear matter Z,. We use the optical model 
square well with r,—1.35 fermi and we can calculate the absorption cross- 


section: 


34 


92 


30 
3 


1 


Ga — = nil > 1— (14+ 2KR) exp [-— 248] 1/2K7R*} , 


ba 


A, (fermi) 


4 5) 


6 


Fig. 15. — Mean free path in 


nucleon matter as a 


function 


of À, for a square well model 


with 7, = 1.35 fermi. 


7. — Conclusion. 


= (Oth Ny — ee = 


+ 0.2. 


when K =1/7, and R—7r, A? for all the nuclei 
of the emulsions. 
For the mean composition of the Ilford G-5 
emulsion we have obtained the curve of Fig. 15. 
The mean free path in nuclear matter 4, 
results 
A, = (4.8 + 0.3) fermi. 


Utilizing a similar calculation performed by BA- 
RASHENKOY (©) we obtain the cross-section for 
proton-nucleon o, averaged over p-p and p-n 
interactions, by the reduction (using the op- 
tical model) of the A, experimental value. We 
obtain 


6, (p-nucleon) = (32+1) mb. 


This cross sections is in good agreement with the 
value obtained in our direct preliminary meas- 
urement (15) on the proton-proton interaction 
o=(32-+2) mb, From the 1, value one derives, 
in a way independent from the preceeding one, 


Pa 1.0 > 0.1 , y = 0.1 + 1.9. 


1) For the stars produced by protons of 27 GeV in emulsion we obtain 
ny = 6.6 > 


The ratio between the ”, multiplicities in H 


and L nuclei is r=1.6 + 0.3, in agreement with the hydrodynamic theory. 


(14) T. Gozani and K. Sirre: Nuovo Cimento, 11, 26 (1959). 
(15) V. S. BARASHENKOV: Sov. Phys. Usp., 3, 689 (1961). 
(16) LIÈGE, PARIS, PARMA, ROME GROUPS: in press. 
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2) The mean energy of the secondary shower particles is (2.3+0.2) GeV. 
This evaluation was made by means of the multiplicity of the secondary stars. 
The mean value and the form of the energy spectrum are not in disagreement 
with the predictions of the statistical theory. 


3) The energy transfer to the secondary mesons in the Ls. is Æ— 0.6 
with an error of about 30%; compared with the values ~ 0.4 found at 9 GeV. 


4) The study of the angular distributions of the shower tracks does not 
allow a statistically significant analysis of the features of the p-nucleus col- 
lisions. By means only of the mean value of È, we obtain for the mean number 
of collisions inside the nucleus 


~1.1 for LE nuclei , 2.1 for H nuclei. 


5) The mean free path for absorption in emulsions is 38.0 + 1.0, to 
which, according to an optical model, corresponds a nuclear mean free path 
An = (4.3 + 0.3) fermi. 


We are greatly indebted to the emulsion Staff of CERN for the exposure 
facilities. 

One of us (B.Q.) wishes to thank the Sezione di Torino delVI.N.F.N. for 
the kind support for her stay in Rome. 


RIASSUNTO 


Abbiamo esaminato le caratteristiche di 3226 stelle prodotte da protoni di 27 GeV 
contro nuclei delle emulsioni. Per le molteplicità medie si è ottenuto n,—6.6+0.1; 
ny=7.2+0.2. L’energia media dei secondari è stata valutata con un metodo indiretto 
ed è risultata di 2.3+0.2 GeV. La frazione di energia trasferita ai mesoni secondari 
nel s.l. è Æ — 0.6. Dallo studio della distribuzione angolare abbiamo ricavato che il 
numero medio di collisioni all’interno del nucleo è di 1.1 e 2.7 rispettivamente per i 
nuclei leggeri e pesanti. Il cammino libero medio di assorbimento è 4=38.0+1.0 da cui 
con un modello ottico, si ottiene un À, in materia nucleare uguale a 4.3-+0.3 fermi. 
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On the Theory of «Spiking» in Neutron Multiplying Systems. 


S. E. Corno 


AGIP Nucleare - San Donato, Milano 


(ricevuto il 22 Maggio 1961) 


Summary. - The main purpose of the work is to develop a theory suit- 
able for dealing with those neutron multiplying structures in which a 
small number of highly reactive blocks — the so called « spikes » are 
embedded into a finite subcritical medium; this basic medium is assumed 
to be homogeneous from the standpoint of neutron migration and multi- 
plication. It is shown how the theory can be worked out by performing 
a proper inversion of the integral operator, which describes the thermal 
flux distribution. The problem is solved by giving it the same form which 
one encounters when treating along the lines of the heterogeneous 
theory — a «reactor with a small number of blocks». Cylindrical mul- 
tiplying structures are examined in great detail: the resulting treatment 

- within the limits of the age-diffusion or multigroup theory —- can 
be considered as the exact one, at least for those systems is which the 
spikes can be taken as line singularities of the neutron field. Spiked 
structures — even if the basic multiplying medium is left unchanged — 
possess as many degrees of freedom as the number of « classes » of spikes 
which constitute the system, times the number of parameters charactering 
each spike. An optimization theory is worked out for such types of 
nuclear reactors in order to fulfill, by a proper choice of the free para- 
meters, the criticality condition together with a set of additional 
requirements. 


Introduction. 


Let us consider a finite neutron multiplying structure, which can be assumed 
to be homogeneous from the standpoint of neutron migration and multipli- 
cation. Obviously the further requirement that the structure is subcritical 
will be added. 

A problem of considerable interest, both for its practical and theoretical 
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implication, is that of making critical such a structure by addition of few and 
highly reactive lumps of fissionable material. 

In other words, we introduce into the homogeneous subcritical structure 
some highly enriched blocks, the so called « spikes », which «ignite » the system, 
compensating for losses and parasitic absorptions. The neutron flux, if sta- 
tionary conditions can be achieved, shall thus result from the complicated 
interactions of the spikes with each other, and also from the interactions of 
the spikes themselves with the basic multiplying and moderating medium. 

The main purpose of this work is to develop a selfconsistent theory for 
criticality calculations expecially suitable to treat what we shall simply call 
the «spiked structures ». 

Furthermore a method will be worked out for the optimization of such 
kinds of nuclear reactors, in order to fulfill, together with criticality condition, 
some additional requirements. Special attention will be devoted to the problem 
of flattening the power distribution. 


1. — The general theory. 


11. The integral equation of the problem. — To write down properly the 
neutron balance equation for a spiked structure: 


a) We start by considering a system in which the spikes are embedded 
into a pure moderator, of given capture cross-section. 

Let us consider the k-th spike, located at r,, acting as a fast neutron source 
of intensity q, and as a sink of thermal neutrons of intensity J,. Each local- 
ized neutron absorption will be considered as the emission of a «negative » 
neutron, according to the well known heterogeneous theory techniques. 

As a consequence, if M spikes are present, the thermal flux, at any point r 
of our simplified structure, will be given by 


M 
(lat) ®,,.4(7) = DA eine ano 
1 


where the function Far, rx) stands for the thermal flux at r due to a unit 
point source, stationary in time, releasing fast neutrons near r,, while 
froa(?) Tx) is the diffusion kernel for a unit thermal source at r;. 


b) If a thermal neutron absorber is uniformly added to the moderator 
considered above, an equation of the same form of (1.1) is still valid, provided 
that a proper change is made in the capture cross-section and —eventually— 
in the thermalization parameters which appear in F,,,(r, rx) and in fypa(P rx) 


32 - Il Nuovo Cimento. 
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c) Let's suppose now that the additional capture cross-section referred 
to in b) is—at least partially—a fission cross-section. 

This fact causes the moderator, we have been starting with, to change 
into an homogeneous multiplying medium. A distributed fast neutron source 
will thus arise into the system. 

If the resonance captures by the homogeneous medium can be assumed to 
take place in the same point in which the multiplication occurs, the thermal 
neutron flux shall satisfy the following integral equation: 


pr 


(1.2) P(r) = ke J, | | | Fr, r'\G(r')dr’-+ Sly [me Flr, re) — fr, re) - 


The most striking feature of eq. (1.2) is a lack of symmetry in the de- 
scription of the thermal neutron absorptions: when a capture occurs into the 
k-th block, its effect appears as a depletion of the thermal flux in the surrounding 
medium, and f(r, r,) represents this localized sink. 

On the other hand, the neutrons absorbed by the distributed fissionable 
materials have been properly accounted for when the fission cross-section has 
been added to the moderator’s absorption cross-section, which appears in F, f 
and, explicitly, as a factor in the integral term of (1.2). 


Further assumptions are implicit in eq. (1.2): 


x) The fission energy spectrum is the same for neutrons born into the 
blocks and for neutrons born in the homogeneous medium. 

In effect, the age-diffusion or multigroup kernel F, used to describe the 
positive contribution to the neutron population, caused by the presence of 
the spikes, appears unchanged under the sign of integration. 

This assumption, however, is not essential for the future development of 
the theory and could be easily removed. 


B) The emission of g, fast neutrons from a block appears in (1.2) as a 
consequence of the absorption of J, thermal neutrons into the spike itself. 
The parameter 7, can be taken as an overall measure of the multiplying prop- 
erties of a spike. 

In order to save the neutron balance we shall include in x à factor ac- 
counting for the resonance escape probability in the homogeneous medium. 
We simply write 


da = Hx Ly . 
y) The spikes are acting as rigid sources and sinks: in other words—at 


least for the moment—the values of I, are independent of the neutron flux 
present in the system. 
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6) No attention is given to the geometrical dimensions of the spikes. 
They have been simply considered as point—or line—singularities of the 
neutron field. The theory worked out below could be extended in principle 
to account for spikes of any geometrical structure. 


12. Formal solution of the thermal flux equation. — If we still assume the 
rigid source-sink approximation, disregarding for the moment the relation 
between the thermal neutron population and the intensity of absorption in 
the spikes, eq. (1.2) immediately appears as a non-homogeneous integral equa- 
tion, in which the term under the summation sign stands for a known function. 

Let us rewrite it in a standard form: 


(1.21) (I-vK)-D(r)= y(r), 


where I is the identity operator; » is the number of secondaries per fission in 
the basic multiplying medium, and could be taken as the eigenvalue of the 
integral equation itself. The integral operator K is defined by 


(1.3) K-xxep-[[[Ft, mie dr". 


+, being the macroscopic fission cross-section of the homogeneous medium, 
e its fast fission factor and p its resonance escape probability. We want to 
remember explicitly the previous assumptions i) that no resonance capture 
occurs in the blocks, and ii) that the spatial distribution of thermal neutrons 
is unaffected by the spatial distribution of the epithermal captures. Both 
these hypotheses are quite reasonable and one can easily understand that 
neither of them could be removed without destroing the formal simplicity of 
the theory. The meaning of the right hand side of eq. (1.2’) is obvious: 


M 


(4) y(r) = >, eek, rx) ma flr, r,)] . 


il, 


We just recall that y(r) is always a function of r belonging to the class L?. 
Supposed now that the inverse integral operator of (1.3) has been found; 
we shall than have 


(1.5) P(r) = (I+ v:H,)v(r) 


and, due to the linearity of the problem and the particular form of y(r), 


(1.51) Dr) = SL (1+ 9, ge Pr, rs) — f(r, ra]. 
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The thermal flua still appears formally as a sum of positive and negative con- 
tributions, arising from the singularities. 

Eq. (1.4) supplies us with a solution of the problem, provided that the 
operator H, exists: it happens in practice, as it will become clear in Section 2, 
that the conditions for the existence of H,—the convergence of a Neumann 
series, say—possess a deep physical significance. Anyhow they can always be 
fulfilled by a formal change in the parameter », in order to prevent it from 
being a spectral point of the operator K. This formal change however is mean- 
ingless on the physical ground: in practice the composition of the basis medium 
or the dimensions of the system will have to be modified whenever the inver- 
sion of K proves to be impossible. 


1°3. The critical condition. — The solution (1.5), if it exists, refers to the 
ideal case of rigid sources and sinks. But, if a stationary flux distribution 
has to be entertained in the system, the spikes themselves will be required 
to compensate for losses. 

The easiest way of imposing this condition is to calculate ®(r) by means 
of eq. (1.5) at a certain spatial point r and let then r to approach a point r, 
on the boundary of the h-th spike. 

According to the well-known techniques of the heterogeneous method, the 
linear dependence of J, on @(r,) = ®, is then taken into account: 


(1.6) Die 5,1 Da Tv, [nr (ra, rx) — f(r ra]. 


The parameter y, is dependent on the nuclear characteristics of the spike and 
on the properties of the surrounding medium. It can be easily related to the 
extrapolation length 4, for thermal neutrons. 

As r, in (1.6) can indicate the position of any spike, the formula (1.6) is 
to be taken as an homogeneous system of linear equations in the M unknowns 
tei 

We can give (1.6) the following concise form: 


M 


M 
(1.6) Vn È In = Dols Tax; ko) = > I, *[nx(k,) SY ff as bulk )| (h = Ila 2, 1009 M). 
I 1 


The assumption that » be a «regular value » of the operator K implies in 
practive the choice of the geometrical dimensions, and of the parameters kes 
2%, L*, t... characterizing the homogeneous medium to be made into a bounded 
domain « D». But, as soon as this restricted choice has been made, the con- 
ditions for the consistency of the system of linear eq. (1.6) can be identified 
. with the conditions which allow eq. (1.2) to possess a stationary and self- 
consistent solution. 
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In other words the vanishing of the determinant of the coefficients for 
eq.. (1.67) 


(1.7) (nr k.,) Daf Va Onell = 0 


can be taken as the critical equation of the spiked structure. 

To satisfy eq. (1.7), when the geometry of the system has been chosen 
in advance, one can in principle change the values of the parameters 7’s and 
y’s characterizing the spikes. 

But it should be remembered that each y, is depending on the corre- 
sponding #,, and, furthermore, that a chosen set of eigenvalues has to be 
acceptable on physical ground. Even the nuclear constants of the basic mul- 
tiplying medium can be taken as eigenvalues, provided that the choice is made 
inside the bounded domain « D », defined above. 

It appears clearly at this point that one free parameter alone could be 
sufficient to satisfy the critical equation. In Section 3 of this work the problem 
of using the remaining (2M —1) degrees of freedom (and the parameter of 
the basic medium) in order to optimize the spiked reactor will be discussed. 


2. — The cylindrical « spiked » structure. 


21. The application of the general theory. — To show how the method 
outlined above can be applied in practical cases, we shall work out in detail 
the calculations for a bare cylindrical reactor of infinite height. 

In ref. (1) it has been shown that F(r,r'), in the age-diffusion approxi- 
mation, has the following form, for the two-dimensional cylindrical systems: 


fete (rr 


ia © exp [— (ams/R?)T]dm( (ms RNT) Zn (ms R)r') 
= — >, cos m(0 — 0’) >; Deir 
mks 2005 m0 — 67) 2 PICATDENS)CACA)E 
while, the diffusion kernel is given by 
ne È Tm Om j | |R)r) Tm( (Cm; /R)r’) 
DEI , = 7 29 
( ) ir, r \ = nh È m COS m( (0 0') PIE oo )+ (TL (ms) E 


R being the extrapolated radius of the cylinder, 7 the neutron age to thermal, x? = 
=1/L?=2’,/D the inverse diffusion length in the homogeneous medium. We still 
want to point out explicitly that the macroscopic absorption cross-section 2, 
of the uniform medium includes the distributed fission cross-section as well. 

The constants «,,; stand for the j-th positive root of the transcendental 
equation J,(æ) = 0. 


(1) S. E. Corno: Nuovo Cimento, 17, 580 (1960). Note: In this work the factor 
(1+d,0)/2 has to be taken as equal 1 wherever it appears. 


305 


490 S. E. CORNO 
We can write (1.2') in the form 
(253) P(r) = 09K P(r) + y(r) 


and seek its solution ®(r) in term of Neumann’s series expansion, the func- 
tion y(r) being assumed to be known. 
We take as a first approximation of P(r) 


M 


(2.4) gir) = y(r) = Dale [me P(r, re) = f(r; ra)] 


and then 


D 
ee Puree Or) eK ee 


=w(r) + vKyp + Ky +... + vy? 1K 1p . 


This iteration procedure just involves successive integrations of the fol- 
lowing type: 


20 R 
(2.6) v dig 7] fre ri) Fr ir) (rs rold'r dr 
ù 0 
IE e |» 2} ep exp [— (a,,/R*)r] 
= Mm :05 — 6, j J = i >) 
pi > cos m(0 — 0Ü,) 2 D((o2,,/R®) + x2) 


5 (1 exp [— CE )t] sag 1). Im{(% _ 


Ta 
D((a2,,/R2) + x):(I"(@m;)): 


SEF} | ee 
to 


Let us simply call £,; the following set of co? constants: 


(2.7) ae picca Sole T] _ ko exp [— (4m/E?)7] 


Dy (ans B®) + x) 1+ L3(03,,/R?) 


It can be easily proved that any successive iteration just causes the factor 
Bmi appearing in (2.6) to be multiplied by B,, itself under the summation signs. 
=| AI, . . 

So, the final expression of g,(r), by inverting the order of the sums, can be 
given the following form: 


‘ À = lif > Gules onu 
(2.8) Or) = di Il, Thi Da cos m(0 — 0 0) 2 > Bi}: 


(me XPT (mR) #]—1) , fens \ fous. 
DRE) 22) (Top) " a o) Le Ce a 


SA 
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Obviously the exact solution of (2.3) is given by the limit function 


(2.9) P(r) = lim g,(r) 
n—> oO 
provided that such a limit exists. 
To secure the convergence of the Neumann series, we require as a sufficient 
condition any one of the infinite geometrical series appearing in (2.8) under 


the sign >, to be convergent. 


0 
This implies all of the f,; to be less than one. It appears immediately that 
the maximum value of f,,; occurs for m=0, and j=1. So we can write, by 
remembering that for a bare cylinder the geometrical buckling B? simply equals 
a? /R? = (2.4048)?/R?, 


ka exp [— (28,/R*)t] _ ka exp [— Br] 


SED ae i. 
1+ 17(03,/R?) (pe 


(2.10) Bor = 


The inequality (2.10) requires the starting homogeneous core to be suberitical 
before introducing the spikes. As soon as (2.10) has been satisfied, the geo- 
metrical series appearing as factors in (2.8) can be summed up quite simply 
and the resulting flux distribution will be 


NM 1 
(Pg ad) P(r) = Di VE oil 
© al 
Tn ca 008 (6 — 0) È, pe i GLIA 
m mi Ry) (œm/R)r; 
* (Mx XP LE (inj?) | 1) mG Sa 2 » (ee=1; &,=e,.=...= 2) 


As to the convergence of the series (2.11) we note that, asymptotically, the 
difference between its terms and the corresponding terms of the expansion 
of y(r) is O(a,4). In effect we have 


dalai rl Ose) 
O12) Eee Len DCRR) HA) LE 
so that the difference between (2.11) and y(r) is an absolutely and uniformly 
convergent series. 

This fact causes the convergence of (2.11) to be the same as for the series 
representing y(r). We may then conclude that the flux D(r) given by (2.11) 
possesses logarithmic singularities at all the points where the spikes are located. 

When imposing now the consistency condition for the flux distribution we 
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shall find a critical equation, whose matrix elements, still using the nomencla- 
ture of (1.6'), are given by 


Î 
(2.13) L'une; k) = =: Se Em COS (9, — 9,) > 
= Mr exp [— (cm /B*) )t] = “li DAC Cmj/Ît) Ta)" Im((%mi/B)tx) 
DI { D(( 2 Re?) + N° 2) = Le ba exp | — (o2,,/R*)- (F1(%m4))? 


Particular attention has to be devoted to the diagonal elements of the 
critical matrix, because of the logarithmic singularity occurring in their nega- 
tive components. A suitable procedure will be outlined below, in order to 
avoid the appearance of unlimited terms in the critical equation. 

A further obvious remark can be made on formula (2.13). 

If we suppose », the number of secondary neutrons per fission, tend to zero, 
then k, also goes to zero. And the critical matrix of our spiked core goes 
over into the corresponding matrix for an heterogeneous reactor « with a small 
number of rods». This can be checked by comparing (2.12) with (3.8) of 
ret. (4). 


2°2. On the convergence of the series representing the flux. — Starting from the 
remarks made when discussing eq. (2.12), one can easily see that the second 
double series in the left hand side of (2.11) is not uniformly convergent on 
the whole domain 0<r<R. 

Furthermore, even for r # r,, its convergence is extremely slow. On the 
other hand we know that the logarithmic singularities which are located at 
any spike place r = r, are of the same kind as those occurring in the Green’s 
function G(r,r,) related to the two dimensional diffusion equation in an in- 
finite moderator: 


(2.14) Gori rz) n 5 


This fact suggests the idea of taking out the singularities from the series 
(2.11) by adding and subtracting the Green’s function (2.14) itself. To carry 
out this program we will expand first of all G(r, r,) in a series of the ortho- 
normal eigenfunetions 


da mi k È 
(2215) Ha Peo = 1e AG ! it) cosm(0—-0,), 


7 
TT R. m mi) 


the same reference system of the Hilbert space in terms of which the flux 
P(r), as given by (2.11), happens to be expressed. 


3060 


ON THE THEORY OF « SPIKING) IN NEUTRON MULTIPLYING SYSTEMS 493 
By performing the expansion we can easily show that 


1 = iu 
E Ky(|r—r,|x) + Tp: dn Em COS m(O — 0): 
x 


È Tm(( n Dl yr) mi ; ! (Pa 
SAR) Li 7 5 LS (= r ) — Om; Jes Xm 14 “Yr He (x) 
2 DR) en) LR MCE Et 


mi m 


Then, by simply defining the constants 


2 


rm 7 a 
(2.17) lake = (ba Za 2 Fe], 


and adding the left-hand side of eq. (2.16) to the series expansion of P(r), 
we shall have, instead of (2.11), 


G13 Or) =>) i 
4 1 i 1 = S Tm (( (œms/R)r Jr), n((c mi/E)rx) | 


m Cm — 6 i 
aR? 2 e, COS m(0—0,) ) 2; (3° oi 


Mm \ 


etere r;,|) + 
Ye? Xp [— ( am;/R?) )T] Has 


D((aè.;/R?) ol x2)—H He De LR?) + #?)[.D((a5j/R2) + x?) — Has] 


1 = = I mi ida mi LR) 
+ ab 2” Em COS M(0 — 0x)Im(27%) Km(XE) 2: = n) m ei URLA 


A remarkable simplification can be reached in this formula by carrying 
out the summation which appears in the rightmost position, under the 
sign d.. 

The symplest way of doing this is looking at this series as an inverse Hankel 
transform of some unknown function of r. 

By means of standard properties of the integrals involving Bessel functions 
the inverse transformation referred to above can be given its explicit form 
and, as a final result, we have 


m(#T) 2 x mm (en vi 
Im(R) à RR? 7 ol ((% milR?) PAT i 


(2.19) 


So, the last double series of (2.18) may be written as a simple one in 
the form 


Vida 2a Ia) 
Em COS M(0 — O;) 0) 


—— S, EAGLE 
27 D : im &m (x k, ( jas 
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and this series can easily be shown to be absolutely and uniformly convergent, 
provided that r,< È. 
In effect, for r< R, the asymptotic relation 


VE KT 
cos m(0— 05) 7 an MINE 


m —> oo, is self-evident and, furthermore, for large values of m (m > +2?) the 
following expansions hold 


oe 2\m (m — 1)! (#2), (oe) eee e 
Kn) (=) 5 hu (m —1)  2!(m—1)(m—2)] 
UC LR a 
1,()= (5) oe | (m +1) Dre 
Lf GrEM}, GeRinyt | 
<() ali (m—1) | 21(m-1)(m—-2)f 


3 it (Gee ab 1 Le 
Ln (27%) Kn(xR) sa (7) mm | î it; 0 {pena } 2 


and the series (2.20) appears immediately as an absolutely and uniformly 
convergent one in the whole domain 0<|r|< È, provided that r,< R, 1.e. no 
spike is allowed to lie in the contour of the reactor. 

It has to be pointed out in addition that all of the other series which 
appear in (2.18) are absolutely and uniformly convergent. 

This fact shows clearly how the formula (2.18)—as compared with (2.11) — 
is taking advantages from the fact that the singularities have been « collected » 
in the closed terms KS. 

Furthermore, when computing the diagonal elements of the critical deter- 
minant for our problem, starting from the flux represented by means of (2.18) 
and (2.20), we can easily avoid the appearance of unlimited terms: it will be 
sufficient to take into account the finite radius—say o,—of any spike in 
evaluating the Bessel function K,. 

So on the main diagonal we shall have terms like — (1/27D)-K,(xo,), while 
in the off-diagonal positions the finite dimensions of the spikes will be disre- 
garded. Thus the matrix elements for our neutron multiplying structure can 
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be given the following form: 


(2.21) Lux (Mx; es) = aR? - m Em COS m(0, ai 0,) 4 
Is, Fn (Sns/ EF) Fink (ems/ RE) x) | Me XD [= (Gm B®) ] 
| a (Ir, (Cm3))? | D((e2,/R) + %?)— Hing 


Es È Te? Lim(#1n)Im(XYx) K R 
ut Tacul = — ~ = — = = = 4 CY es ss 1 Mw — 
DR) + #)[D((08,/R) + 4) EH] 2D Inte) "0 


na \2 2 On y» ne Al Aw) 
A On D K 0 (Vri + It Snai 2TnT% COS (0, ee 0) x) ’ 
ad J 


depending on the polar co-ordinate of the two points r, and r,, the whole set 
of the nuclear parameters and the geometrical dimensions of the system. 
Formula (2.21) is now suitable for calculation by means of a high speed 
computer. 
We want to remark here the summation procedure for slowly convergent 
series outlined above, can be applied also in the case described in ref. (1), for- 
mula (3.8). 


3. — The optimum spiking in neutron multiplication. 


The most attractive feature of lumping the enriched fissionable material 
in blocks seems to be related to the fact that the resulting « spiked structures » 
posses so many degrees of freedom as to allow the fulfilment of almost any 
required optimum condition. 

By changing the local position and the mutual enrichment of the spikes, 
one can obtain in principle any desired neutron flux distribution in the system: 
so the « minimum critical mass condition » for instance can be approximated, 
as well as the fuel temperature distribution which is most suitable for a safe 
heat removal. 


31. The flux flattening problem. — To give an idea of the wide range of 
possibilities open by the spiking techniques, let us solve the following problem. 

A subcritical structure, fueled by natural uranium, has to be made critical 
by addition of spikes, located in some given positions rx. We want to find 
out the multiplying properties of that system of spikes, which leads to the 
most uniform power distribution on the natural fuel. 

The assumption is made that, by changing independently the dimensions 
and the enrichment, one can build spikes having the same blackness for thermal 
neutrons ?.e. the same value of the parameter y, and different values for 7. 
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The critical equation for the present problem will be given in a form con- 
sistent with (1.6’): 


(3.1) A =llan(&,)°x— dark) — 7" On = 0 - 


The meaning of a,, and by, may be derived from (2.21) in the case of cylin- 
drical structures. 

The required uniform flux distribution, if realised in the system, will imply 
as a consequence that spikes of different characteristics, but possessing the 
same absorption capacity, do effectively absorb the same number of neutrons 
in the unit time. 

The mathematical problem is thus reduced to that of determining simul- 
taneously a set of values 7; for the 7’s (7=1, 2,..., M) and a unique value 
y* for the parameter y such that: 


i) the critical eq. (3.1) is satisfied; 


ii) all the corresponding unknowns, 7.e. the intensities of absorption, 
TL, I,,..., I,,, take the same numerical value. 


So, to determine our optimum condition, we shall have to solve the fol- 
lowing coupled system of (M-+1) algebraic equations 


M 
(3.2) De Are = Bt+y*, 
1 


(3.3) À =||ane 7% — One — y* * dun = 0 


the first M being linear and the last one of the M-th order. 
M 
The constants B, obviously stand for Y, dn. 
1 


Let the coupled linear eq. (3.2) be written in matrix form 
(3.4) {4}(n*) = (Y) 
the elements of {A} being the a,(k,,) defined before and the components of the 
vector (Y) being given by 
(3.5) Ya = B, + y*. 

As soon as the inverse matrix {A}! is found, one can get (n*) as a func- 
tion of y* 

M 


(3.6) me = D, (a xs (B, + y*) 


1 
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so that eq. (3.3) can be expressed in a form depending only on y*: 
M 

(3.3) lana: 2, Ane(Bs + 9%) — (Al) “Bae — (|All) * dual = 0 - 
1 


Ay, is the cofactor of ay, in the matrix {A} and |A] the determinant of {A}. 
Among the M roots of (3.3') we will choose the positive one which is phys- 
ically significant, 7.e. the root which leads to a vector (7*) consisting of all 
positive components. 
An even more stringent condition should be imposed in practice, namely 
that all the components of (7*) be larger that one, in order to prevent each 
spike in turn from acting as a neutron absorber. 


32. The extrema of functions of the spike parameters. — The critical equation 
for the spiked structure has been given the same form as that describing a 
reactor with a small number of blocks. 

This allows the optimization theory worked out in ref. (1), (Sec. 3°3) for the 
above mentioned heterogeneous reactors to be extended also to the case of 
spiked structures. 

Any function of the system of spikes—their spatial distribtuion being 
given—will ultimately appear, in the following form: 


(3.7) G = is Mas ces Mars Var Vas ces Var) à 


For each spike the characteristic parameters 7 and y happen to be related 
to each other and the following M functions 


(3.8) Me = r(Mx3 01, Oo, DERE) Ow) 


are assumed to be known. The 6’s stand here for a set of additional variables, 
mainly dependent upon the enrichment, the presence of cladding materials 
and the geometrical shape of the spike itself. The functions y can be deter- 
mined by means of detailed transport theory or Monte Carlo calculations, as 
well as from experiments (25). 

We want to find out now the spike configuration which makes critical the 
multiplying structure, causing at the same time the function G to take an 
extremum value, say a minimum. 


. (2) a) J. W. ZINK: Use of small source theory in the determination of the critical size 
of heterogeneous thermal reactors, NAA-SR-3222; b) J. W. Zixk and G. W. RoDEBACK: 
Nuch set., 9, 165 (6). 

(3) S. M. FEINBERG et al.: Large-scale heterogenity of the core, Part III of the paper 
P/2145 URSS, P.I.G.0., 13,7376»(1968). 
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The problem is actually reduced to that of a conditional minimum, which 
can be dealt with by the well-known Lagrange’s method of multipliers. 
Let us consider the following linear combination 


(3.9) His Mas es Mars Vas Vas +3 Ved A) =G 421A, 


A being the critical determinant as defined in (3.1), and À a further para- 
meter to be determined. The function y’s being given, H can now be taken 
as just depending on the (M-+1) variables 1, M2, ---: 7y and À. For a condi- 
tional minimum of G to be present, the following set of equations has to be 
necessarily satisfied : 


Ÿ E M An 
CIA OO NEE St Te Co RAA —0 eto I 
ab 


CM n OM 0% ONE On. 
(3.10) 

Wal ta 

bia On 


The function D,, stands for the cofactor of the (jk)-th element in the de- 
terminant A, and as such is dependent on all of the 7’s, except 7;. 

Let us examine the following simplified case: if a change in the values of 
the 7’s could be made without altering the y’s, 4.e. if any y, where constant 
with respect to 7,, the mathematical difficulties of the optimization problem 
summarized in eq. (3.10) would be simply reduced to make equal to zero the 
critical determinant together with M linear combinations, each involving M 
of the (M—1)-th order minors of 4. 

In practice, as the y°s are not constant, the solution of (3.3) represents 
a more elaborate problem. But, as in the practical cases the spikes of a 
system can be grouped in classes, according to their nuclear characteristics 
and geometrical positions, the order of the determinant 4 is quite low, say 
four of five as a maximum, and the optimization procedure outlined above 
can be safely afforded by means of digital computers, taking into account its 
full generality. 


RIASSUNTO 


Scopo di questo lavoro è la formulazione di una teoria della criticità adatta per 
strutture moltiplicanti di neutroni, costituite da un piccolo numero di « blocchi » 
(spikes), altamente arricchiti, immersi in un mezzo moltiplicante finito, praticamente 
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omogeneo. La teoria è fondata sulla soluzione dell’equazione integrale che descrive 
la distribuzione del flusso neutronico termico nel sistema. Il problema viene formalmente 
ricondotto ad una equazione critica analoga a quella che si incontra, trattando col 
metodo eterogeneo reattori aventi un piccolo numero di elementi di combustibile. 
Si esaminano in dettaglio le strutture moltiplicanti cilindriche assialmente infinite e 
la trattazione che ne risulta può considerarsi rigorosa nell’ambito della teoria dell’età- 
diffusione. La generalizzazione a più gruppi è da ritenersi immediata. Tutti i gradi di 
libertà delle strutture contenenti spikes vengono infine vincolati tramite una opportuna 
teoria dell’ottimizzazione. Ciò consente di ottenere le più favorevoli distribuzioni della 
potenza nel sistema critico, oppure di estremare una qualunque funzione dipendente 
dalle caratteristiche degli « spikes ». 
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Double Pion Production in K-.N Collisions. 
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Department of Physics, Imperial College - London 


(ricevuto il 27 Maggio 1961) 


Summary. — Recent experiments (1) showed a fair probability of single 
pion production in high energy K-.N° collisions. This process has been 
calculated (23) in the peripheral interaction with a K’ isobar model and 
found in good agreement with experiments. Here we report the calculation 
of double pion production in a similar model, particularly for the 
process (*): K~+p >K"+p+x*t+n since this is the easiest to be 
detected experimentally. 


Recent experiments (1) showed a fair probability of single pion production 
in high energy K-N collisions. This process has been calculated (23) in the 
peripheral interaction with a K’ isobar model and found in good agreement 
with experiments. Here we report the calculation of double pion production 
in a similar model, particularly for the process (*): 


KID ie parier 


since this is the easiest to be detected experimentally. 

Double pion production involves considerable complication because there 
are four outgoing particles. We shall make the following assumptions to facil- 
itate the calculation. 


(*) M: Ausron et al.: Phys. Rev. Lett., 6, 300 (1961). 
(2) M. À. B’ Bra and P. C. De CeLLES: Phys. Rev. Lett., 6, 145, 428 (1961). 
(3) C. H. Caan; Phys. Rev. Lett., 6, 383 (1961). 

(*) For other different charge states, they are related to this process by charge 
independence and the total cross-sections differ only by a constant factor. 
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1) The process takes place through the excited K-meson state K’ (4), 
which decays strongly into a K-meson and a pion: 


Keep Kee pee eo Ke re ee 
This assumption reduces the calculation of the cross-section essentially to that 


of 3 outgoing particles, provided that the width of K' is small. If K’ has iso- 
topic spin 4 (3), 


o(K+p>K+p+rnt+r)=30(K-+p->K"+p+r). 


2) The peripheral interaction dominates (5), 7.e. we shall neglect all dia- 
grams except the one in which only a single pion is exchanged between the 
incoming K-meson and the nucleon. 


3) The pion production from the nucleon is through the (33) resonant 
state. This assumption is good provided that the incoming K-meson’s kinetic 
energy does not exceed 1600 MeV in the laboratory system, so that the total 
energy of the pion-nucleon system in their own c.m. system is within the (33) 
resonant energy range. In the calculation, the amplitude of the virtual pion- 
nucleon scattering in (33) state is substituted by a real (33) resonant scat- 
tering amplitude; this is exact only at A?——yu? (5), but may be valid for 
small A? as argued by several authors (7). 

In the above approximation the reaction in question is represented by one 
Feynman diagram: 


CES 
es 
_ 


Fig. 1. - The Feynman diagram of double pion production from K~-p collision. 


(4) J. Tromno: Proceedings of the 1960 Annual International Conference on High 
Energy Physics at Rochester (New York, 1960), p. 508. 

(5) F. Satzman and G. SALZMAN: Phys. Rev., 120, 599 (1960); F. BONSIGNORI and 
F. SELLERI: Nuovo Cimento, 15, 465 (1960); F. SELLERI: Phys. Rev. Lett., 6, 64 (1961). 

(6) G. F. CHew and F. E. Low: Phys. Rev., 113, 1640 (1959). 

(7) E.g. F. SALZMAN and G. SALZMAN: Phys. Rev. Lett., 5, 377 (1960). 


33 - Il Nuovo Cimento. 
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The cross-section reads 


o(K-+ p> K-+ p+ ++ 2-) = ¥0(K-+p >K"+ p+r-) — 


Gi ] ; RR dati o vo ae 
= |— 3 |dA2dW kl» W2] (ms + A2 + m?)2?—4mpm2]- 
i seni mL Um PT 


] 
Oye Ae okt Hi, fi = 


I 


+ pe)?’ 


for vector K’, and 


(a) 1 ja LaWlki,W? (W?) 
= | — 9 CASINI Rw On SERIA À 
Le CPAS {lw cr p 


for scalar K'; where 


| nae 4)m3 


sE È AU MUST 
A [(mo — m? — pw)? — Am?u]t” 


Az | i 3[ (ms 3 m2 we)? dm? |? 


M, mo, M, u are the masses of the nucleon, K’, K and pion respectively, 7 is 
the total width of the K'. U is the overall c.m. energy, and W is the total 
outgoing pion-nucleon energy in the lower vertex in their own c.m. system. 
A is the energy momentum 4-vector of the virtual pion. The suffix U or W 
shows in which system the quantity is evaluated. 

O, 4p->x +p(W°) is the total cross-section for the 7--p elastic scattering, for 
which we shall take the (33) theoretical approximation (89). 

Then 


> 


On + pr + (a) = |fa(W?) Re 


where 


DER È TW) 
We) = SIM deg OX DRE 
fast ) Fed Ogs EXP [2033] (W, — W) — TOMI! 
+ y kl , 0.225 
T(W)= 7 ere A eee Wi = Mel OT 


(5) G. F. CHEw and F. E. Low: Phys. Rev., 101, 1570 (1959). 
(*) S. BERGIA, F. BONSIGNORI and A. STANGHELLINI: Nuovo Cimento. 19, 1073 (1960). 
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The limits of integration are given by 


A? sax, min = — ME — mM + 2E(9) E(42), + 2(0)72(4)7; 
where 
i U?— M2+ m? 1 U® her 
E(Gr = n a ’ E(Q2)o = - ou , 
and 
Wan=Minp, We = UM. 


We see that if we limit the incoming K-meson kinetic energy to 1600 MeV, 
this corresponds to W,,,.~1364 MeV, which is within the (33) resonant energy 
range. The differential cross-sections do/dA? at this particular energy for scalar 
and vector K' are shown in Fig. 2, where we have taken the experimental] 
values of the mass and width of K’ to be 885 MeV and 16 MeV respectively. 
The peak in the low energy-momentum transfer range corresponds to (K-7*) 
going forward and (p-7-) going backward in the total c.m. system. 


À do in mb 1073 
dA? 


ak for vector K' 
dA 


5- 
0: $6 for scalar K' 
A / um? 
1 = 
10 30 50 70 90 
Fig. 2. — The differential cross-sections do/d4? of double pion production, in which 


the scale for the vector case is ten times larger than that for the scalar case. 


The total cross-section for this process is computed below and is compared 
>K°+7-+p (3) in Table I. The ratio between these two 


iu 


to that of K~+p 


to! 
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is independent of A, the width of K’, which experimentally is not well deter- 


mined. 
TAR IE Le 
Incoming SK +p Ge o(k FD a: o(K+p>K+p+rt+7). .…, 
K-meson È K° Dia) ue K dai ) o(K-+p>K°+ptr) | oe 
k.e. in in mb in mb-10 
lab. Sys. | | È a) w pr x Ds 
in Mev (vector K' scalar K’| vector K'| scalar K’| vector K' scalar K' 
960 Well 0.120 
1000 1.89 0.121 0.003 0.000 2 0.000 1 | 0.000 1 
1100 2.00 0.116 0.332 0.0191 0.016 6 0.0165 
1200 2.07 0.110 3.864 | 0.208 | 0.186 0.289 
1300 Dal: 0.104 16.04 | LEE: | 0.755 0.796 
1400 ZO 0.097 | 31.10 1.565 | 1.44 1262 
1500 Bolt 0.091 42.26 2.102 1.93 2192 
1600 2.20 0.085 51.28 2.553 DIS 3.02 


As it has been argued previously (*) from the total cross-section of 
K=+p = K°+p-+x., K’ may be a vector; if this is the case, the cross-section 
for double pion production is still small which explains why we do not see 
any such process yet. 


The author wishes to thank Dr. A. FuJI for going through the manuscript 
and Prof. A. SALAM for suggesting this work. 


RIASSUNTO, (3) 


Esperimenti recenti hanno mostrato che si ha una buona probabilità per la produ- 
zione di pioni singoli nelle collisioni K-.N° di alta energia. Si è calcolato questo processo 
nell’interazione periferica con un modello K’ isobarico e si è trovata una buona con- 
cordanza con gli esperimenti. Qui riportiamo i calcoli per la produzione di due pioni 
in un modello analogo, particolarmente per il processo: K=+p >K +p+rt+r., 
poichè questo è il più facile ad individuare sperimentalmente. 


(*) Traduzione a cura della Redazione. 
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Solutions of the Coupled S and P-Wave Equations 
for Pion-Pion Scattering. 


B. H. BRANSDEN (*) 
CERN - Geneva 


J. W. MOFFAT (*) 
RIAS - Baltimore, Md. 


(ricevuto il 29 Maggio 1961) 


Summary. — A method is presented for solving numerically the coup- 
led S and P-wave equations for pion-pion scattering derived by Moffat 
from analyticity, crossing symmetry and unitarity on the basis of the 
Mandelstam representation. It is shown that apart from the pion-pion 
coupling constant, no further parameters enter the low-energy theory. 
For a range of coupling constant À, taking negative values |A4| <0.45, 
solutions exist satisfying crossing symmetry. These solutions are charac- 
terized by the existence of a low-energy resonance in the P-wave of which 
the position and width are entirely determined by 2. The corresponding 
S-wave phase shifts show that scattering in the /=0 isotopic spin-state 
is large at low energies. 


1. — Introduction. 


The study of pion-pion elastic scattering has received much attention re- 
cently (*?). CHEW and MANDELSTAM (1) have shown that, in principle, the 


(*) On leave of absence from the University, Glasgow. 

(“) The major part of this work was carried out while one of us (J.W.M.) was a 
visiting scientist at CERN, Geneva. 

(1) G. F. Copw and S. MANDELSTAM: Phys. Rev., 119, 467 (1960). 

(2) G. F. Crew, S. ManperLSTAM and H. P. NoyEs: Phys. Rev., 119, 478 (196C). 

(3) G. F. CHew and S. MANDELSTAM: UCRL Report 9126 (Lawrence Radiation 
Laboratory, March 1969). 

‘ (4) W. R. Frazer and J. R. FuLco: Phys. Rev., 117, 1669 (1960). 
(5) M. Cina and S. FuBinI: Ann. Phys., 3, 352 (1960). 
(5) Ho Tsu-Hsien, Hsrien DING-CHANG and W. ZoELLNER: preprint (Dubna, 1966). 
(7) J. G. Taytor: preprint (Cambridge University, 1960). 
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partial wave amplitudes may be determined from analyticity, unitarity and 
crossing symmetry, in the approximation where waves higher than P-waves 
are assumed small and contributions from four-pion and higher mass states 
are neglected. In practice, the N/D method developed for the solution of these 
equations bas proved unsatisfactory. To obtain finite results when the P-wave 
amplitude is large, cut-offs have to be introduced for both S and P-waves. 
Although the number of parameters introduced in this way may be reduced 
by crossing symmetry, one new arbitrary parameter remains in the theory, 
in addition to the coupling constant 2. 

An entirely different method of solution of the equations governing the 
partial wave amplitudes has been described by Morrar (5) (*). This method 
constructs coupled equations defining the inverse partial wave amplitude in a 
form suitable for numerical solution. In I, this method was applied in the 
approximation neglecting S-waves entirely, thus producing uncoupled equa- 
tions for the P-wave amplitude. It was shown that a low-energy resonance 
in the P-wave was consistent with the Mandelstam representation. However, 
to define the P-wave amplitude completely, two arbitrary constants appeared, 
an «effective » P-wave coupling constant and a parameter related to the slope 
of the cross-section at zero energy. 

In the present paper the coupled equations for both the S and P-waves 
are presented in a form in which a numerical solution may be developed by 
iteration. Further, it is shown that crossing symmetry implies equations re- 
lating waves of different / that determine both the P-wave constants in terms 
of a single pion-pion coupling constant. It is therefore clear that the equations 
obtained neglecting four-pion and higher mass states form a soluble system 
in the low-energy region in terms of one constant, and the introduction of fur- 
ther constants is a property of the method of solution employed and not of 
the original equations, as has been supposed (?). 

In Section 2, the integral equations are described and the problem of the 
high-energy behaviour of the equations is discussed. Section 3 treats the ap- 
proximate crossing conditions obtained by CHEW and MANDELSTAM (3). These 
conditions are used to reduce the number of free parameters entering the 
equations. In Section 4 the iteration scheme is developed which is used to 
obtain a numerical solution to the coupled S and P-wave equations. Finally, 
in Section 5, the results of the numerical iteration are described for different 
values of the coupling constant 2. 


Grd Wo woman: Peis. Pet 121202000000) 
(*) This paper is referred to as I throughout. 
(*?) G. FP. CHew and 8. C. Fraurscni: Phys. Rev. Lett., 5, 580 (1960). 
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2. — The integral equations. 


The implicit solution of the equations defining the pion-pion elastic scat- 
tering partial wave amplitudes, discussed in I, is (*) 


l Tr yet “71 a 
(1) a sia Livy, Vo) se AN 1», Vo) ca (> Sa Vo) > na 950) — 1 i(v) ; 
n=0 = 


where J denotes the isotopic spin state and / is the /-th partial wave and 
ai = A‘(y) is the l-th partial wave subtraction constant, also 


Ay. np a yf nr Na 1 DUO 
(2) Lio, = — =" Je Ei) 


TT (vr ») 
0 


pra) ~ d yf 7 I Cay! 

3) Vito, n) = EM pf 

î TT oe) 329%) 

1 
The quantity Z/(v) is defined by 
fn | ; = for v>0, 
(4) Ti(») = 
Ki), foray ae 


where Ri(v) =o7(v)/o%'(v), and of (v), of'(v) are the total and elastic partial wave 
cross-sections, respectively. The fourth term on the right of (1) arises from 
the singularity in the inverse partial wave amplitude generated by the thresh- 
old behaviour at the origin 


A,(v) = Civ + O(v™?) as y +0. 


— 
VI 
_ 


In the /-th angular momentum state there will occur (0-1) constants in the 
solution (1). We could equally well have divided A‘(y) by »' in order to re- 
move the singularity at the origin, but then (/+1) subtractions would be re- 
quired in the /-th angular momentum state. We shall reduce the number of 
free parameters by utilizing the derivative crossing conditions at the sym- 
metry point n= —5 (3). 

In the elastic scattering region we have pees: Le and L(y, vy) = hr) — hvo), 


(*) The notation and units of T are employed throughout. 
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where for v> 0 and »<—1, we find that 


#2 


Oe 


(6) oe hy) = =] une. VALE RO 


and, for — 1<»r<0, 


(7) Miah) == 2) = tet (LE 


v + 1 er 
When: m=—3, we have from eq. (7) that 
ne 1 
(8) hi 3) =—V2 te 
a V2 


It is convenient to introduce the variable z which runs between 0 and 1 
as v covers the interval 0 to co. We define 


1 
9 2= >, i= 02 
( ) V1 by 1 


The variable x is also introduced, which runs between 0 and 1 as » covers the 
interval —1 to — co: 


(10) t= (— y) À , vZ — al 


1 2 2 
(11) > ctg.dt = + late 1 + le :) 


9 
1 DIE \ n—1 
È 3)2 TE i) TOI 
à © 7 n=0 » \< i 


where 
1 2 ae __ pe 
(12) HG) = sn VI | 
(da TT 2 
and 
1 ) © E 
2 9 j Thine LU 
(1153) Ni (G-1-3)= -(1 a #)2 P| dx x Ky (— 1/x°?) 
i i 3 Ja J (e+ aed — 28) (1 — Gat)” 


In the above equations, we have chosen the subtraction point at »,=- 


mobo 
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The function A/(— 1/x?) is given by 


71 RI ; bale) . 
(14) K(— 1/2?) = (BIC 1/2)) (LE Tae)?” 
where Im Aj(v) = I/(—1/x?) and Re A!(») = E!(— 1/x?) for »<—1. The ab- 
sorptive partial wave amplitude on the left cut will be determined by crossing 
symmetry in terms of the imaginary parts of the S and P-wave amplitudes 
on the right cut. 
In the physical region 


(15) Imi a for »>0, 


and we obtain up to and including P-waves: 


an? 1 
(16) IMA; conf» (1 22) zw Im 43 (2 —1) 
sl (1/e?)—1 1 | 
Sieg dane | = 1) L3(1-2 E cn Im Ay |——1 
Re? Cent a ja 
where the matrix «,, is given by 
Zippo il 
3 3 
€ 2 5 
(17) Br = 3 1 1 
2 1 1 
se 3 


After having obtained solutions for the S and P-waves, we can check a poste- 
riori that the higher partial waves do not contribute significantly to (16) 
within the range of convergence of the Legendre polynomial expansions. 

The question arises whether the absorptive amplitude obtained from the 
crossing eq. (16) is consistent with the absorptive amplitude given by the 
defining eq. (1) in the limit as —v=@-oo. The structure of the inverse 
amplitude equations is such that we do not encounter divergence difficulties 
when calculating Aj*(y). Inspection shows that in the limit as © +00, (16) 
gives the asymptotic values 


| (na) o 
dy’ Im Ai 
(18) Im A{(©) | 6 [= x 7 a? ne) LOS 
— 67 % 


510 B. H. BRANSDEN and J. W. MOFFAT 


where 0/7 are certain non-vanishing 
constants. It is clear that the absorptive 
amplitude obtained from the defining 
eq. (1) behaves as 1/(log w)? as © — oo. 
Thus the asymptotic behaviour of the 
crossing equation on the left cut is not 
quite the same as the one inferred 
from analyticity. This is not surprising 
as the crossing eq. (16) is not reliable 
in the limit as |vy|>oo in view of the 


0 2 & » 6 8 10 


Fig. 1. The cotangent of 63, multi- 
plied by (- - 54) Vr/(v+1), as a func- 
tion of y=q?/n?, for different values 
of 7. Note that ctg 69 for A= — .45 EN 

becomes negative near v=0. 


AS) 


pee E ee aaa | Ble cot ESE Ng 
0 À RTE 8 10 2 4 6 8 10 
v 
Fig. 2. — The cotangent of dé, multi- Fig. 3. — The cotangent of di, mul. 
plied by (— 2)V v/(vr+ 1) for different tiplied by V3 /(v +1) for different va- 
values of 2. lues of 7 
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fact that we have only taken into account a part of the double spectral func- 
tion in the crossing equation. If the total absorptive amplitude used in the 
crossing equation is determined by the Mandelstam representation with sub- 
tracted S and P-waves, it becomes apparent that contributions associated with 
the double spectral functions include terms which cancel the constant part 
of the asymptotic limit in (18), and the asymptotic behaviour becomes con- 
sistent with analyticity and unitarity to all energies. In our present work 
analyticity and crossing symmetry are consistent in the low-energy range in 
which our approximations are valid. It is expected that the 1/(log ©)? asymp- 
totic behaviour of the absorptive amplitude provided by analyticity is the 
correct behaviour, because this implies a 1/logy asymptotic behaviour as 
y — co for the real part of the amplitude, which would be consistent with 
unitarity. In the machine calculation of (Aj(v))~! the absorptive part Im A5(v) 
on the left cut was set equal to zero for » << — 625 in each cycle of the iter- 
ated equations (for the solutions described in Fig. 1, 2 and 3), and the results 
were compared with a calculation in which Im A/(v) was set equal to zero for 
v<—11. It was found that the two sets of results differed only by a few per- 
cent. From this follows the important consequence: the calculation of (A7(v))~! 
in the low-energy region is completely independent of Im A5(v) for » < — 11. 


3. — Approximate crossing symmetry conditions. 


Let us consider how many parameters enter the coupled S and P-wave 
equations after higher partial waves have been neglected. CHEW and MAN- 
DELSTAM (*) have shown that 


(19) a | 3)2, 


is a consistent approximation for the two S-wave subtraction constants in the 
reduced problem. In addition to A, we have a subtraction constant a, in the 
P-wave dispersion relations, and also a constant é, generated by the P-wave 
threshold behaviour. We shall find that the first order derivative conditions 
at the symmetry point » ——2 determine the two parameters a, and §,. Thus 
we have a solution to the pion-pion scattering problem in the low-energy 
region, containing a single pion-pion coupling constant and no further para- 


meters. 
CHEW and MANDELSTAM (3) have deduced the following exact first and 
second derivative crossing conditions at »=— 4: 
CADE Be can 
20 =) — |, 
| ) GV € così | De, 
CA? la =| 
DA | = “Later = ee . 
ee ov 6 Gosd\ v ; 
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and 
e2A° 5 024? nre E 
(22) = | YS 
cy? 2 op? 2 9 cos 0 Cv \ v 
; 02 i= 5 C2 fe 3 02 es 
23 7; "I zi Ca «aio CRETA x DES x = NES è ERE . 
di 0 cos?0 \ » 2 € COS20 \ v 2 d'coslov\ v, 
C2 A? ce? A2 240 C2 A2 
(24) cca sare ara 
i e cos? 6 \»? € cos? 0 \ v? Oy? oy 


There exists an infinite number of such derivative conditions on the scattering 
amplitude, but the third and higher derivative conditions involve mainly the 
higher { values. As long as D and higher waves are small, we have to a good 


approximation from eq. (20) and (21) at » ——2: 
A 0 > 2 5 

(25) a . do dti ch 
9 Gr 9 ap 


We shall discover that in order to satisfy the two independent condi- 
tions (25) the form of the left cut contributions to the two S-waves is im- 
portant. We shall seek solutions with parameters a, and &, which satisfy the 
consistency requirements (25). 

Unlike the first derivative conditions, the second derivative condition (22) 
is more sensitive to the D-wave, while it is evident that the second derivative 
conditions (23), (24) depend primarily on the D-wave amplitudes. However, 
CHEW and MANDELSTAM have shown that if the D-waves are small, then (22) 
may be corrected by means of (23) to provide the following single condition 


at y=:—2: 


(26) ee CLS 


The extent to which the condition (26) is satisfied is a test of the consistency 
of the theory, and we shall see that it does not impose further limitations on 
the values of 2 that are acceptable. 


4. — The iteration scheme. 


We shall now develop the iteration scheme for solving the coupled S and 
P-wave equations. The iteration scheme is based on suitable trial functions 
chosen to yield rapid convergence. The iterated solution is required to satisfy 
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crossing symmetry, the first two derivative conditions and the second deriv- 
ative condition at » = —2. 


Let us denote by J7(2) the absorptive amplitude on the right cut. The 
(n+1)-th iterate of this function is determined by 


2 1 2\}? ie 
ao Ate ile 3) - nv (2 1, al (1 2) 


(28) Je" M(2)= V1 — a [lez (2 


(27) Jo (2)= V1— 2 


(29) HP) Vie ar 


The n-th iterates of the absorptive S and P-waves on the left cut are found 
from the equations 


n de 2 n 10 an 
(30) 19%— 1/22) = 2a? i = 338) + PI) + 


a(n 212 n 1 n 2° 
(31) (1/2) = 2] ER + THz) — 3 it LA 


Pag 2 Des 
(32) Are 2 | À Fae Ze Do 


3° 
22 Il Lx x? ALE 
mae > = e? si dc ite. : ni 


We also require the real parts of the S and P-wave amplitudes on the left-cut. 
These are given by 


(83) ESP 1/0) = [a+ L1/03, —2) + NC 1, — 3): 
ag} + L(-1/0%, —2) + NNV(— 1 Jat, — 3}: + (E° 1/02):]:, 


(34) EX) (— 1 fo?) == [a,* + L(— 1/0, — 3) + NP (— 1/0, —2)]: 
-[{a,* | I ae, 2) | NS (—1/x?, — 2)? + L (HN (— 1/x?) j= à 
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(35) BNA fat) = [at + D(A fart, —g)+ NI 1a", — 9) — (1-#29)&]: 


[at + L(— 1/02, — 3) + NI®(— 1/0?, —3) —(1 — Fab}? + (AG'(— 1/2")? 


With the aid of these formulas, we can now write the expressions which 
determine the N7(v) up to and including the n-th iterate 


(36) ja I) = = ( E 1/1) n 
! 0 22 = | se Tr: = 2)] (1 = 293) 
di \ 2 dexKi"(— 1/03) 
an 722) Sa A 22 SENSO D ne 
(37) NE È Le = 2(1-3 Vi Tages (1 — 2*)](1 — 2a)’ 
1 
1 3 I 7 div Ana 1/x?) 
38 NI (= 1) = (i 2)l 2 e, 
i n (= TG \. 3 pie eo £2 (1. — 2?) (1 = 22") 
0 


The N?(—1/x?) on the left cut are obtained from (36), (37) and (38) by re- 
placing (1/2?) —1 by —1/x#?. Finally, the S and P-wave phase shifts will be 
given in terms of the calculated L and N functions by 


; 39 t (eee 1 ili 1 I 2 N°? ja 2 
(39) ctgò, = — To 7 salse die) 
VI 2: 3 3 


and 


(40) ctgc; = 


12 


via 


It is interesting to note that a solution of these equations exists for À — 0 
and a,=0 for which both the S and P-wave amplitudes vanish exactly. 

Starting from given values of È,, a, and À, the iteration scheme is used 
to determine the unknown functions. By varying È, and a, in a systematic 
manner until eq. (25) are satisfied, these constants were determined. Each 
solution was checked for consistency by inspecting whether eq. (26) was satis- 
fied, If the calculated amplitudes are indeed to be compatible with the original 
Mandelstam representation, no complex poles may occur in 4/(»). It has been 
verified that no such complex poles exist in the solutions presented in this 
paper. 
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5. — Numerical calculations and results. 


The system of eq. (27)-(40) have been programmed for numerical solution 
on the CERN Ferranti « Mercury » computer. (1°) In the range of integration the 
2 variable is represented by 60 and the x variable by 30 pivotal points. The 
iterative cycle is entered at first by calculating the functions 77 with N/ set 
equal to zero. The subsequent convergence depends on the values of 7, &, 
and a,. Usually from five to ten cycles determine the phase shifts to sufficient 
accuracy (better than 1%). As explained above, for each A, the calculations 
are performed for a number of &,, a,; the final values of €, and a, being those 
for which the conditions (25) are satisfied. The calculated £, and a, are accu- 
rate to (1+2)%. In the solutions of interest aj! and &, turn out to be of the 
same order of magnitude ~— 30. Reference to eq. (27)-(29) and eq. (33)-(35) 
shows that under these circumstances cancellation occurs in the calculations 
of Ei, Ji and especial care has been taken to preserve accuracy; at the same 
time the results become sensitive to the coupling constant 2. 

Once a solution for one value of À has been found, this solution is itself 
used as a trial function for a calculation with new values of 4, this device 
materially speeding convergence. In general, as might be expected in a method 
based on the inverse amplitude, convergence is most rapid for the larger values 
of A. A typical calculation for one A, a, and É, combination could be com- 
pleted in 18 minutes of machine time. 

For a limited range of negative À (solutions with negative 2 correspond to 
attractive S-wave forces) the numerical caleulations have shown clearly that 
satisfactory solutions exist. For each negative 2 with |A|<0.5 a single nega- 
tive value of È, can be found such that conditions (25) are satisfied. These solu- 
tions satisfy the consistency condition (26) and therefore represent acceptable 
physical solutions. For values of |A|> 0.45 a bound state in the 7 — 0 state 
occurs (ctg 6} becomes negative near zero energy), but for smaller values of 
|A| this disappears and at the same time the P-wave phase shifts become large. 
For each negative À with |A/<0.5 solutions for a single positive value of È, 
and a corresponding single negative value of a, are found that also satisfy 
conditions (25). These solutions give rise to a very small P-wave phase shift 
and correspond to those computed by CHEW, MANDELSTAM and NOYES (?). 
However, these solutions do not satisfy the condition (26) and do not there- 
fore represent cases of physical interest. 

Solutions of the coupled equations corresponding to repulsive S-wave forces 
(i.e. to positive A) have not been found. For A> 0.25 solutions, with given 
a, and &,, cannot be found, that satisfy conditions (25). On the other hand, 


(10) B. H. BRANSDEN and J. W. Morrat: Phys. Riv. Lett., 6, 708 (1961). 
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for À < 0.25 the iterative procedure adopted becomes unstable, and it has not 
been possible to determine whether a solution exists. 

For the range of À, — 0.45<Z<—0.2, the calculated values of a, and e; 
are shown in Table I, and the calculated values of 


(— 5A) ee _ ote Onn (— 24) | Se ; cte 06 and lee ctg à, 


Tapce I. — Calculated values of aie E, resonance parameters v,, I” and S-wave scattering 
lengths x, %- 


À ai ci Vp 4 oo “> 
lie. = Lo sla 

E 00020 21.2 ee EI —68.0 | 1.24 
4 | 
— 0.40 — 0.044 2 20 Ga 6.0 33.7 105 | 
i È : 3 | 
— 0.375 — 0.0413 070 4.8(5) 2.5 16.4 0.96 | 

05010-00897 234 3.8 1.75) 10.8 0.87 
— 0.325 — 0.0373 2A 3.0 1.0 15 0.79 | 
— 0.30 — 0.0357 == 25.5 2.9(5) ¢ 0.8 5.6 | 0.7 | 
0,20 _o.0217 | —424 3.9 0.6 2.0 0.4 | 


are displayed in Fig. 1, 2 and 3. For |A|< 0.45, ctg di passes through zero 
from positive to negative values, so that the P-wave partial cross-section ex- 
hibits a resonance. The positions », and the widths /’ of the P-wave resonant 
solutions are shown as a function of A in Table I (*). The S-wave phase shifts 
for 1 —0 are larger than those for 1 —2 at low energies. The corresponding 
S-wave scattering lengths % and « are shown in Table I. To illustrate the 
behaviour of the amplitudes on the left cut, I{(—1/x?) and K(— 1/2) are 
shown in Fig. 4 and 5. In view of the weighting of the absorptive amplitude 
on the left cut in Im (4;*(v)), the calculation of the inverse amplitude A47*(v) 
is insensitive, in the low-energy region 0 < y < 10, to the behaviour of Im A5(7) 
on the left cut for large values of |v|. In Fig. 5, it is noticed that the imaginary 
parts of the inverse amplitude have become small and constant when y — 20. 
The Re A7(v) obtained from our inverse amplitude solution (1) was compared 


(*) The width /" quoted in Table I is the total width at half maximum, and is 
related to the reduced width y by the formula [= y VZASIIONE! I) 


3084 


SOLUTIONS OF THE COUPLED S AND P-WAVE EQUATIONS ETC. Dil 


o 


with Re A7(v) derived from the original partial-wave dispersion relations eq. (13) 
in I, where the integral on the left cut in eq. (13) was cut off at d=— 20. A 
satisfactory quantitative fit was found in the low-energy region 0 <v< 10 for 
the solutions described as functions of À in Fig. 1, 2 and 3. 


Fig. 4. - Absorptive amplitude /{(— 1/x?) on the left cut obtained from crossing sym- 
metry as a function of v= — 1/x? for A= — 0.35. 


From Table I, we see that as |A| decreases in value the S-wave scattering 
lengths continually decrease in magnitude. This is consistent with the fact 
that the s-wave phase shifts tend to zero as 4->0. The resonance positions 
v, move towards zero energy until |A|=0.325 after which the v, values in- 
crease again, and the resonance positions move to higher energy values. At 
|A|= 0.2 it is observed that v,— 4 (in the total barycentric system energy 
t,~ 20u*) and '=0.6, while a —2 and a,—0.4. This value of the resonance 
width J’ would appear to give a sufficiently sharp P-wave resonance to agree 
with the calculations on nucleon electromagnetic structure (41112). 


ii) @ 
(2) J 


C. FRAUTSCHI: Phys. Rev. Lett., 5, 159 (1960). 
Bowcock, W. N. Corrincuam and D. Lurif: Phys. Rev. Lett., 5, 386 (1960). 


34 - Il Nuovo Cimento. 
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Fig. 5. — The imaginary part of the inverse amplitude Im [(47)-!] on the left cut as a 
function of v= — 1/a? for A= —- 0.35. 
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RIASSUNTO (*) 


Presentiamo un metodo per risolvere numericamente le equazioni accoppiate delle 
onde S e P per lo scattering pione-pione, dedotte da Moffat dalla analiticità, dalla sim- 
metria incrociata e dall’unitarietà sulla base della rappresentazione di Mandelstam. 
Mostriamo che oltre la costante di accoppiamento pione-pione, nessun ulteriore para- 
metro entra nella teoria a bassa energia. Per un campo della costante di accoppia- 
mento À, prendendo valori negativi |Z|<0.45, esistono soluzioni che soddisfano alla 
simmetria incrociata. Queste soluzioni sono caratterizzate dalla esistenza di una riso- 
nanza di bassa energia nell’onda P la cui posizione ed ampiezza sono completamente 
da 4. I corrispondenti spostamenti di fase dell’onda P mostrano che lo scattering nello 
stato di spin isotopico 7 — 0 è grande a bassa energia. 


(*) Traduzione a cura della Redazione. 
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A Natural Boundary of the Scattering Amplitude 
on an Unphysical Sheet. 


P. G. O. FREUND and R. KARPLUS (*) 


Institute for Theoretical Physics, University of Vienna - Vienna 


(ricevuto il 5 Giugno 1961) 


Summary. — The scattering amplitude has a two-sheeted branch point 
at zero kinetic energy. It is shown that the amplitude on the second 
(unphysical) sheet has a natural boundary that terminates at zero total 
energy. 


The extension of two-particle scattering amplitudes from the physical do- 
main of their energy and angular dependence to complex and unphysical real 
values of these variables has been extensively studied and described (1). During 
the last year it has become possible to analytically continue elastic scattering 
amplitudes completely around the branch point they possess at zero kinetic 
energy into a second (so-called unphysical) sheet of their Riemann surface (*5). 
The condition on the scattering amplitudes that allows such an extension is 
the one that the S-matrix be unitary. From this condition one obtains an 


(*) Fulbright Research Scholar and John Simon Guggenheim Fellow on sabbatical 
leave from the University of California, Berkeley, 

(1) See, for instance, N. N. BoGoLiuBov and D. V. Suirkov: Introduction to the 
Theory of Vuantized Fields (Moscow, 1957), chap. Ix. 

(2) J. Gunson and J. G. TayLoR: Phys. Rev., 119, 1121 (1961); 121, 343 (1961) 

(3) R. Oxnmn: Phys. Rev., 121, 1810 (1961) and preprint EFINS 61-5 (University 
of Chicago). 

(4) R. BLANKENBECLER: Proc. of the 1960 Xochester Conf. (New York, 1961), p. 247. 
R. BLANKENBECLER, M. L. GoLpRERGER, S. W. McDowrtLt and S. B. TREIMAN: Singu- 
larities of scattering amplitudes on unphysical sheets and their interpretation (Princeton, 
1961). preprint. 

(5) W. ZIMMERMANN: Nuovo Cimento, 21, 249 (1961). 
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integral equation for the angular dependence of the function on the second 
sheet when its behavior on the first sheet is known. 

This extension of the domain of definition of the scattering amplitude 
raises the question as to whether further extension around branchpoints on 
the second sheet is possible. The question is not a trivial one, because a branch 
point need not be an isolated singularity, but may be the endpoint of a natural 
boundary for the function. We wish to show that the negative real axis of 
the variable s (the square of the mass of the two-particle system) on the second 
sheet mentioned above is indeed such a natural boundary for all scattering 
angles 0. Analytic continuation around the branchpoint s=0 on the second 
sheet is therefore not possible. For our demonstration we consider the scat- 
tering of identical particles that are created in pairs. We shall assume a 
Mandelstam (5) representation for the amplitude on the physical sheet, but 
can relax this condition if we confine our attention to a region near the origin 
of the complex (s, cos 0)-space. For the special case of physical angles the 
scattering amplitude is analytic on the second sheet with cuts on the real axis. 
The usual kind of dispersion relation therefore exists for it, but the spectral 
function on the left-hand cut (s<0) must contain the complication associated 
with the natural boundary. Since our remarks merely state corollaries of the 
results of others (?:5), we refer the reader to the cited references for algebraic 
details of the calculations and derivations. 

We begin with a statement of the integral equation in the notation of 
ZIMMERMANN (5). The scattering amplitude for the two particles of mass m 
is ®(s, cos0) on the physical sheet, ®®(s, cos?) on the unphysical sheet 
joined to the physical sheet along the real s-axis in the region of elastic scat- 
tering 4m?<s<16m?. Then the unitarity of the S-matrix leads to the 
equation 


(1) @2(8, cos 6) = D(s, cos 6) € re : 


1 Fi 


i P(s, cos 0') PEA (8, cos 0") 
- 1d cos a'fa 008.0" TESI! o 
| ; — k(cos 6, cos 6’, cos 0”) | i An 


—1 —1 


where the function k(a, a’, a") is 
(2) k(a, &', &") = — 1 + e+ w+ a" 2av'a'. 


The singularities of ®(s, cos 0) are most easily stated in terms of the inva- 


(°) S. MANDELSTAM: Phys. Rev. 112, 1344 (1958). 
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riants 
8 
(3) t =—4(s — 4m?)(1 — cos 6) 
u = — 4(s — 4m?)(1 + così), 
which are related by 
(4) stitu=4m?. 


The scattering amplitude is a symmetrical function of s, t, and wu. In the 
Mandelstam representation, it has an isolated branch point at s—4m? and 
a branch cut starting at s=16m?. (As yet, no properties of the spectral 
function in this cut are known; it seems plausible to expect, however, that 
the function is analytic except for a sequence of isolated branch points at 
s=4m?n?, n= 2, 3,....) For t or « equal to these values, the function has the 
same behavior, of course. We therefore encounter three isolated branch 
points when 


(5) s=4m?, (s—4m?)(1—cos 0) =—8m?, (s—4m?)(1-+ cos 6) =—8m?. 


The presence of the other singularities does not affect the argument, so we 
shall ignore them for the time being. 

To find the singularities of @‘(s, cos0) we use eq. (1). It has been 
shown (745) that this amplitude has, in addition to the singularities of 
D(s, cos0), singularities at the points 


sm? 
de (1 | Dar dl 3 MES 


as long as s does not lie on the negative real axis. For fixed complex s these 
points lie on an exponential spiral in the complex cos 0-plane. As s ap- 
proaches the negative real axis, the rate of growth of the spiral becomes 
smaller, but it always lies outside the points cos 0 = +1. In the limit Im s —0, 
Res<0, the spiral degenerates into the real line segment determined by 
Im0=0. Since there is an infinite number of singular points of the form (6) 
on the spiral, one may expect a quite singular behavior for the function 
D®(s, così) on the negative real axis. 

To exhibit this behavior more closely, we solve eq. (6) for s at a fixed 
complex value of 0; or, to simplify the discussion, we may introduce a new 
variable o to replace s, 


(6) cos 6 = cos n cos 


sm? 


(7) UE ETT i 
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In the complex o-plane the singularities then occur at 


fn=1,2,9,..., 


0 = l 
+ 27 —|, le 0, Lie 


n n 


(3) O= On, = + COS 


where the multiplicity described by the index / arises from the multi-valued 
nature of the inverse trigonometric function. For given n, these points lie 
on an ellipse with foci o — +1 and semi-major axis cosh ((1/n) Im@). For in- 
finite n the ellipse degenerates to the straight line between the foci. 

Now, the negative real axis in s is mapped by the transformation (7) into 
this real segment, C = (—1< Reo<1, Imo=0). We therefore wish to con- 
sider the analytic properties of ®®(s, cos?) as o approaches a point on C. 
It is clear that D®(s, cos?) may be analytically continued along a path that 
avoids the isolated singularities located according to eq. (8). As real values 
of o are approached, however, the singularities lie closer and closer together, 
so that the radii of convergence of the successive Taylor series that are used 
to effect the continuation diminish to zero. In other words, there exists a o,,, 
for each o such that 


(9) |o—a,,,|<|o — cos 9| (all real @). 


Hence it is not possible to continue the function across the real axis. We 
conclude that the segment C is a natural boundary for the function. Equi- 
valently, by eq. (7), the negative real s-axis is a natural boundary for ®(s, cos 0). 

We observe that this conclusion is independent of the value of 6 as long 
as 0 is complex. When 0 becomes a real angle, the situation is somewhat dif- 
ferent. All points o,,, then lie on the segment C where they are everywhere 
densely distributed. If 0 — 0, for instance, the +o, are just equal to the 
cosines of all rational multiples of 2 (ef. eq. (8)). In this case, also, the line 
segment ©, and hence the negative real axis in the s-plane, are a natural bound- 
ary of the function (7). The function, however, has no complex singularities 

(7) It may seem surprising that the partial wave amplitudes do not exhibit any 
trace of these singularities, that are present for all real values of 0. There are two 
comments to be made in this connection. First, the partial wave series does not con- 
verge on the negative real s-axis, so that the amplitude at a fixed angle can have 
properties different from these of any one partial wave. Second, the projection ot the 
partial wave amplitude involves an integration that smoothes the funetion; the only 
singularities remaining are those at extremal values where do,,,/40-0 which occur 
at o= +1 (s=0,- co). The integrand at the integration endpoints does not deter- 
mine a singularity, because the integrand is periodic. 
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in the s-plane and can be represented by a dispersion relation of the form 


0 Le) 
1 if D s', 208 i i s' "OS 
(10) DO(, cos 0) = =| m at cos 0) gu. 1 | Im D(s', così) 
TT Sed IT 


_ 0 Am? 


ds’. 


GG 


Also of interest is the case in which the momentum transfer rather than 
the scattering angle is held fixed. One obtains again eq. (8), but this time the 
angle 0 depends on s (or o). The locations of the singular points are therefore 
more complicated to find; nevertheless, it is possible to show that the segment 
C in the o-plane is a natural boundary, because one encounters near it sin- 
gularities densely distributed in the sense of eq. (9). 

The higher singularities of ®(s, cos@), which we ignored earlier, will com- 
plicate the analytic properties of ®(s, così) (#5). To the extent to which 
the function ® has natural boundaries, ®” will of course have them also. It 
was our principal point to show that even if ® has only isolated singularities, 
D® has a natural boundary on the negative real axis. This particular conclu- 
sion is not modified by the existence of additional singularities of ®(s, cos 0). 
For physical angles, the dispersion relation (10) still holds, with a spectral 
function unaffected by the higher singularities for —12m?< s'<0. Our re- 
sult is therefore somewhat more general than the Mandelstam representation. 
For a section of the negative real axis near the origin it follows from the ana- 
lytic properties of the scattering amplitude as a function of two variables 
(s and t) derived by Mandelstam from general field theoretical considerations (5). 


* KOK 


We have enjoyed stimulating and informative discussions concerning the 
problems of analytic continuation with R. OEHME and K. JOHNSON. W. ZIM- 
MERMANN kindly sent us a preprint of his paper. One of us (R.K.) is grateful 
to Professor W. THIRRING for the hospitality of the Institute for Theoret- 
ical Physics. 

(8) S. ManpEtstam: Nuovo Cimento, 15, 658 (1960). 

(9) Cf. Appendix to ref. (5). 


TRL NSS UO NTI a) 


Studiamo le soglie anomale delle ampiezze di reazione senza far ricorso allo sviluppo 
in onde parziali. Mostriamo che il comportamento delle ampiezze è del tutto analogo 
a quello delle proiezioni delle onde parziali anche se le serie di Legendre non convergono 
vicino alla soglia anomala. 


(*) Traduzione a cura della Redazione. 
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Centre d'Études Nucléaires de Saclay - Gif-sur- Yvette (S. ct O.) 


(ricevuto il 5 Giugno 1961) 


Summary. — We reduce the problem of determining a unitary analytic 
function whose discontinuity on a cut is known to the solution of a 
Fredholm equation. This method leads to much simpler and physically 
transparent results than the N/D method by Chew and Mandelstam. 
The connexion between the two methods is elucidated. The ambiguity 
in the solution is completely displayed. The resulting form gives insight 
in the structure of s* matrix under inelastic threshold. 


1. — When considering applications of dispersion theory and particularly 
of Mandelstam representation (1), one frequently meets the following problem: 

A function h(y) of the square of a momentum v= q? is known to be an- 
alytic in the complex »-plane cut from 0 to co and from — co to — u?. It has 
the property h(v*)=—Ah*(y). On the upper lip of the right-hand cut, it is 
known to have the form h(v) = exp[i 6(v)] sin (y), where d(v) is a real argu- 
ment. %(v) >0 when v+0 and |»|—co. The value of h(v-tie) +h(v— ie) is 
a given function 7Ah(vy) on the left-hand cut. The problem is to determine 
h(v) in the whole complex plane from the given real function AA(r). 

This problem is usually solved using the so-called N/D method due to 
CHEW and MANDELSTAM (*). We want to present here another method which, 
in our opinion, has the following advantages: 


(1) G. F. CHew and $. MANDELSTAM: Phys. Rev., 119, 467, (1960); UCRL 9126; 
W. Frazer and J. FuLco: Phys. Rev. Lett., 2, 364 (1959); Phys. Rev., 117, 1609 (1960). 
For general reference, see G. F. Cnew in Cours de l'Ecole des Houches (Paris, 1961). 

(2) See for instance G. F. CHEW in Les Houches Lectures. 
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a) it leads to simpler equations, both from the analytical and the com- 
putational point of view; 


b) the physical meaning of the functions which we use is more transparent: 
in particular it leads to a simple interpretation of the D function; 


c) it is well suited to a low-energy limit and a transition to potential 
scattering; 

d) it gives some interesting information on the structure of s-matrix 
elements. 


Its only drawback is to completely neglect the inelasticity parameter r(v) = 
= 6,/0%. Which is assumed to be 1 for every value of » (3). 


2. — Let us first derive some well-known properties of the function 
(1) S(v) = 1 + 24h). 


From the properties of h(»), one immediately derives: 


a) s(v) is an analytic function of » in the complex v-plane cut from 
0 to co and from — co to — y? along the real axis. 


b) One has the symmetry property 
(2) | s(»*) = s*(v) . 

ce) On the upper lip of the right-hand cut, one has the unitary property 
(3) |s(v)|=1 
and we define d(y): 
(4) s(v) = exp [27 Ô(r)]. 

d) One has, on the left-hand cut 

(5) s(v + ie) + s(v — ie) = 2(1 — Ah). 


c) s(v) > 1 when |vy| oo. 


It is possible to continue analytically s(v) through the right-hand cut by 
using a variant of the Schwarz’s reflexion principle. The relation 


(6) s(v*) = [MT 


(5) For the use of this parameter, see preceding reference. 
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defines s(v) in another Riemann sheet where s(v) has again a cut running from 
— co to — y. As operation (6) is reflexive, one sees that passing twice through 
the right-hand cut without cutting the left-hand cut one goes back to the 
initial « physical » sheet. The only possible singularities of s(v) in the second 
Riemann sheet are poles symmetrical of the zeros of s(v) with respect to the 
real axis. 

These properties are made clearer if one uses the variable q = Vy. Thus: 


a) s(q) is a meromorphic function in the complex g-plane cut along the 
imaginary axis from —ioco to —iu and from iu to too: it is ana- 
lytic in the upper half of the complex plane C, and may have poles 
in the lower half of the complex C_; 


b) one has the two reflexion properties corresponding respectively to 
(2) and (6) 


whence s(q)s(—q)=1. On the real axis s(g) is unitary 
(9) s(q) = exp [24 6(q)], 


where d(g) = d(v) (resp. —6(v)) for g>0 (resp <0). 46(q) is neces- 
sarily a continuous function and even an analytic function in a neigh- 
bourhood of the real axis. 


e) On the upper cut, one has 
(10) 8(g) + s(— q*) = 2(1— Ah(q?)) for g—ik+e, k> 0. 


d) s(g) >1 when |[g|— co or zero. Thus d(v) is equal to zero modulo x 
for g=0 and co; we shall choose a determination of 6(q) such that 


(11) d(00) = 0, 6(0) =—na 
n being an integer. 


3. — Assuming s(q) to exist let us define a function f(q) with the following 
properties: 
a) f(q) is analytic in the lower half-plane C_ where it has no zero. 


b) Reflextion property: 
(12) I 9°) = f*(@). 
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c) 


(13) Îf(q)>1 when |ql>o0 in 


d) Along the real axis the phase of f(q) is equal to 6(q). 


We shall construct'explicitly f(q), thus proving its existence (4). 

From a) and c) we deduce that log f(q) is an analytie function of g in 0_ 
which tends to zero when |q|—>oco. We can consider it as a function of 
y = q? in a plane cut along the positive real axis. Writing a Cauchy formula 
for log f(g) we get the dispersion relation 


logf(») = i | Tm 108 NG + te) dy’, 
IT, V — V 
0 
but, from assumption d) 
Im log f(v'+ te) = — Ô(v') 

thus 

IL (y!) dy! 
(14) f(v) = exp|— JE ey P 

ONG y—yp 


0 


We can thus assert that f(q) exists in C_: (14) verifies a), b), c), d). 

As 6(v) is a continuous function, f(q) is continuous for » real and positive. 
However, it can be singular near g=0. As one easily verifies from (11) and 
a limited expansion of ô(») in (14), the leading singularity is in q?” for n> 0, 
and in logqg for n< 0. 

Let us now continue analytically f(q) in the upper half-plane C,. To do 
so, we shall define 


(15) f'(g) = s(a)f(— 9) 


for Imq> 0. This defines an analytic function f'(q) in C,. Due the prop- 
erty d) of f(q), f’(q) and f(q) coincide on the real axis which proves that f(q) 
is an analytic function of q in the whole complex plane cut from è to too. 
As the possible singularity of f(q) for q= 0 is isolated by this continuation, 
this singularity can only be a pole of order 2n if n > 0 or a regular point if 
w=) (). 

Having thus proved the existence and properties of a function f(q) when 
s(q) exists, we shall now consider the problem in the opposite way, trying 
first to determine f(q) in order to obtain s(q). 

(4) This deduction follows R. G. Nuwron: Journ of Math. Phys., 1, 319 (1960 

(") One easily shows, using (14) that there is no term in g7?*#! in f(q). 
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Qt 
bo 


4. — Let us now use (15) as an ansatz for the solution of our problem. We 
shall define 


(16) s(q) = fMIF(—4) 


where f(q) is analytic in the complex plane cut from iu to too and has prop- 
erties a), b) and c) of Section 3. It may have a pole of finite even order at 
the origin, we shall call 2n the order of this pole. Thus in the neighbourhood 
of the origin one has 


A 2n 
re q2" 


i 2n—2 
(ét 


RO) 


(17) J(4) 


where one sees from (12) that the constants À,... A,, are real numbers. 


n 


and A,A, are pure immaginary. On the cut of f(q), one has 
(18) flih+ e) + f(ik—e)=2[1—Ah-k)]f(-ik). 
One can write a Cauchy formula for the function 


F(q) = [f(@) —1— > 4x(9?] (id + 4)? 
thus getting 


œ 


Lip 1 — Ah(— y?) : 1 f 14> 4,(ty) 
19 F(a\= == x cd. 
oe (4) et du eue pus 
Lu 


iG 


In order to define f(q), it is thus only necessary to know it between — ico 
and — iu. Let us thus define 


(20) Da) = f( it) — 1 for +>u 


(note that, from (12) D(2) is real). (x) is thus defined through the Fredholm 
equation (*) 


fee} 


Lf y/y— w Ah y) dy I 
Dal D OC) e I i ae ee 3 uy 24 
(21) (x) =| | La > A, Lagat velo) 


n” 
1 f y/y—w1— Ah(—y?) 
-2/)/ Ply) dy , 
u 


© + Mb CL y 
(*) Strictly speaking, this equation is not a Fredholm equation. However, it can 


be shown by a somewhat lengthy argument which will be published elsewhere that 
it has a unique solution in 72. 
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and 


If a bound state exists in the theory it appears generally as a 6-function 
contribution to Ah. In fact, let us suppose that we impose to s(q) the following 
supplementary condition: s(q) has a pole of residue g? at q= im. Then f(q) 
has a pole at im and (20) is replaced by 


(20a) sasa e dy. SA 


ke Edy 


o: vole + 


ie 1— Ah(— y 
ee | e O(— m) Ne È ie ) bly) ay , 
etm et u TI r+L ety 


LOR = 10. 
@(— m) can be deduced from (20a) by inserting «=m. The case of sev- 
eral bound states is treated in the same way. 


5. — Let us state our results: 

Every solution s(7) of our problem may be written in the form (16) where 
f(q) is defined by eq. (19) and the weight function f(— ik) = ®(k)+1 in (19) 
is a solution of the Fredholm eq. (21). /(q) verifies properties a), b), c), d) of 
Section 3 and is related to the phase-shift, up to a constant factor, by (14). 

It is clear that this problem has infinitely many solutions depending on 
a set of arbitrary parameters A, ... 4,, where n itself is arbitrary (5). The 
value of n fixes the variation of 0: 


(22) d(c0) — d(0) = na. 


We are thus sure that, for n given, 6 passes at least n times through an odd 
multiple of 7/2 (resonance). 

Eq. (21) which is the center of this method is simpler than the equations 
obtained for the D function when writing (?) 


(23) NC 


(5) This result is to be compared with the results of CaAstILLEJO, DALITZ and 
Dyson: Phys. Rev., 101, 453 (1956). 
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as one easily sees a particular set of N and D functions is 
Dy)=f ag), Img>d, 


Wo) Sh 


20g 


one verifies immediately that D(v) admits only the cut from 0 to oo and 
N(v) only the cut from —oo to —w?. Finally, let us remark that the form 
(16) of s(q) is well known in potential scattering where f(q) is the Jost func- 
tion (5). Thus expression (16) is well suited to the transition to potential scat- 
tering in the low energy limit. In particular, it allows a priori to study the 
existence of a potential as an approximation to low energy scattering by using 
Gel'fand and Levitan (7) equations. 

Also we feel that the general structure property (16) of s(q) may prove 
useful in theoretical considerations. 

This method will be applied to the solution of Chew-Mandelstam equations. 


I had illuminating discussions, on this and related subjects, with Mr. G. 
MAHOUX. 


(9) R. Jost and A. Pais: Phys. Rev., 82, 840 (1951); R. Jost: Helv. Phas. Acta, 
20. 256 (1947). 

(7?) I: M. GEL'rAND and B. M. Levitan: Dokl. Akad. Nauk SSSR, TT. 557 (1951); 
Izv. Akad. Nauk SSSR, 15, 309 (1951). 


RIASSUNTO (*) 


Riduciamo il problema di determinare una funzione analitica unitaria la cui discon- 
tinuità su un taglio sia nota alla soluzione di un’equazione di Fredholm. Questo metodo 
conduce a risultati molto più semplici e fisicamente trasparenti che non il metodo N/D 
di Chew e Mandelstam. Si chiarisce la connessione fra i due metodi. L’ambiguità della 
soluzione è completamente chiarita. La forma risultante permette la comprensione 
della struttura della matrice s* al disotto della soglia anelastica. 


(*) Traduzione a cura della Redazione. 
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Institute for Theoretical Physics, Umiversity of Vienna - Vienna 


(ricevuto il 14 Giugno 1961) 


Summary. — Anomalous thresholds of reaction amplitudes are studied 
without recourse to a partial wave expansion. It is shown that the 
behavior of the amplitudes is quite similar to that of the partial wave 
projections even though the Legendre series does not converge near the 
anomalous threshold. 


The extension of two-particle reaction amplitudes and form factors from 
the physical domain of their energy and angular dependence to complex and 
unphysical real values of these arguments on a multi-sheeted Riemann sur- 
face has been extensively studied and described (**). In general the singula- 
rities of these functions on the physical sheet are associated with thresholds 
for the occurrence of new processes in the interaction. There is a class of sin- 
gularities, however, so-called « anomalous thresholds » or « structure singulari- 
ties », for which this did not appear to be the case (5). A closer investigation, 


(*) Fulbright Research Scholar and John Simon Guggenheim Fellow on sabbatical 
leave from the University of California, Berkeley. 

(1) J. Gunson and J. G. TAyLoR: Phys. Rev., 119, 1121 (1961); 121, 343 (1961). 

(2) R. OEHME: Phys. Rev., 121, 1810 (1961) and preprint EFINS 61-15 (University 
of Chicago), which contains a comprehensive review. 

(3) R. BLANKENBECLER: Proceedings of the 1960 Rochester Conference (New York, 
1961). R. BLANKENBECLER, M. L. GOLDBERGER, L. $. McDoweLL and 8. B. TREIMAN: 
Singularities of scattering amplitudes on unphysical sheets and their interpretation (Prin- 
ceton, 1961). 

(4) W. ZIMMERMANN: Nuovo Cimento, 21, 249 (1961). 

‘(5) P. G. 0. FREUND and R. KarPLus: Nuovo Cimento, 21, 519 (1961). 

(6) R. KaRrPLUS, CH. M. SOMMERFIELD and E. H.WICHMANN: Phys. Rev., 111, 
1187 (1958); 114, 376 (1959); Y. NamBu: Nuovo Cimento, 9, 610 (1958); R. OEHME: 
Phys. Rev., 111, 1430 (1958). 
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has revealed the fact that these singularities are introduced through the uni- 
tarity relation, by the expected singular behavior of the matrix elements that 
connect the initial state to certain intermediate states (275). These singula- 
rities usually lie on unphysical sheets of the Riemann surface of the reaction 
amplitude or form factor, but can make their appearance on the physical sheet 
if certain conditions are satisfied among the masses of the particles involved. 

This rationalization of the existence of anomalous thresholds has been 
carried out in the context of the partial wave expansion for the scattering 
amplitude. Since the term-by-term analytic continuation of the partial wave 
series, however, does not converge to the analytic continuation of the entire 
amplitude in the vicinity of the anomalous threshold, it is necessary to study 
the amplitude itself by an independent procedure (%°). To this end, we have 
considered the integral equation form of the unitarity condition (*4) for an 
amplitude that is expected to exhibit anomalous behavior. We find that it 
has indeed an anomalous behavior of a character very similar to that of the 
partial wave amplitudes (?). This result is to be contrasted with the rather 
different behavior of the amplitude and the partial wave projections at other 
singularities where the Legendre expansion does not converge: a pole of the 
amplitude on the physical sheet may give rise to a logarithmic branch point 
in the partial wave amplitude, while a natural boundary of the amplitude 
on the second sheet may only give rise to an isolated branch point in the partial 
wave amplitude (°). 

In principle the calculation parallels that of OEHME (2). We consider 
three types of spinless particles A, C, B, with masses m,< m,< m,< 2m,, 
that can undergo the (virtual) reactions 


(1a) À + À — À + A 
(1b) BRR 
(Le) AAA Bee BR 
(1d) A+B+>A+B 
(Le) A+B 0 


(7) R. OEHME: Nuovo Cimento, 13, 778 (1959). 

(8) S. MANDELSTAM: Phys. Rev. Lett., 4, 84 (1960); R. BLANKENBECLER and 
Y. NamBu: Nuovo Cimento, 18, 595 (1960). 

(9) Since form factors only involve a small number of partial waves, depending 
on the spins of the particles involved, convergence difficulties cannot arise. 

(7°) Mr. R. C. Hwa has communicated with us privately concerning the singula- 
rities of the amplitude and the problems raised by the non-convergence of the Legendre 
expansion. 
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and all others implied by these. Depending on the energy available, certain 
of the reactions may really take place. When the masses satisfy the additional 
inequality 


(2) ME < MG + mi, 


then the partial wave amplitude of processes (1b) and (1e) do not exhibit 
anomalous thresholds, while when inequality (2) is reversed, they do (2:58). 
Hence we begin by imposing restriction (2) and stating the two coupled uni- 
tarity conditions for processes (1a) and (1e) in the «elastic interval » in which 
the variable s (the square of the mass of the two-particle system) lies in the 
range 


(3) Em.) <s< (2m,)? , 


so that only reaction (1a) can really take place. We shall call the two ampli- 
tudes (functions of s and scattering angle 0) respectively ®,,(s, cos 0), and 
®,,(s, COS 0) on the physical sheet, and © (s, cos 0) and D®}(s, cos 0) on the 
unphysical sheet connected to the physical sheet along the real interval (3). 
Then the unitarity conditions which allow us to determine the singularities 
of the functions D® when those of the ® are known, are 


(4) DE (s, cos 0) = Da1(8, cos 0) — ae 
+1 + 
fin finanz Mah 
1 -1 
(5) DE} (8, cos 0) = Dax(s, cos 0) “Vi ao, 
+t +1 | 
fa COS a'fa cos 0" D4 4(s, 6080") BEb(s, cos 0") ieee Li 
1 —1 
or 


(6) DES, cos 0) = Daz(s, COS 0) Ve = sie 


= 
0(— k(cos 0, cos 0, cos0")) 
i (2) 1 )) 
Ja cos" [coso Pan(s, cos 0) DI (8, cos 0 Ja rai 
#1 + 
where 
k(a, d'a") = — 1 + x? + x + pn 2xx'x" ; 6(—k) = 3 = 1%/ LA À 


35 - Il Nuovo Cimento. 
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For the functions ® we shall assume a Mandelstam representation (1). We 
therefore introduce the three invariants s, 


(7a) t = mì + mì — 35 + 2 cos (Es — mi} (45 — mi} 
and 
(7b) u = mi + mì, — 4s — 2 cos O(Es — mi)}(s — mit 


in terms of which the positions of the singularities are simply described. Thus 
the amplitude ®,, which is symmetrical in s, t, and «, has branch points at 


(8) s=4(n,m,+ nas + Mo), Nas Me, = 9,1, 2,... My +Ngt Noel 


(the lowest of these, s—4m%, is an isolated branch point (*4)) and at the 
same values for # and v. The amplitude ®,, has the branch points given in 
eq. (9) as functions of s, but is, of course, only symmetrical in ¢ and wv. As fune- 
tions of these variables it has poles 


(9) img or u=Mi; 


the isolated branch points 
(10) t= (m, + Mr)? or UMM) 


and higher singularities. In the (s cos 0) space, the poles occur at the points 


2 2 9 ñ 

m mg — Mo— 8/2 
(el) COS 0 = cos.ga(s) = + Te ae. = 4 ie = . 
2(s/4 — mi)}(5/4 — mà)? 


Except for the reduction in extent of the elastic interval (3), the problem 
of finding (5, cos) is the same as that considered in our earlier paper el 
and we shall accept the solution given there. We therefore turn to the cal- | 
culation of the function D. This is a solution of the integral eq. (5) and has 
the representation (6), which permits an explicit calculation of its properties. 
It is clear that D, will have the singularities of the integral in eq. (6) in ad- 
dition to the singularities of ®,,,; the singularities of the integral in turn de- 
pend on the properties of the integrand. We shall be principally concerned | 
with the effect of the poles eq. (11) of ®,, and postpone consideration of the | 
other singularities. | 

As shown in the reference quoted earlier (4), the integral in eq. (6) will 


(11) S. MANDELSTAM: Phys. Rev., 112, 1344 (1958). 
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have branch points whenever (12) 


8 na a 
(12) COS Ü— cos |, cos È (1 + Dia i sso) 
| 8s — 4mi 


as long as s is not on the negative real axis. When solved for s at fixed scat- 
tering angle 0 or at fixed momentum transfer, the singularities cluster around 
the negative real s-axis independently of the value of m,. By an adaptation 
of the reasoning presented earlier (5), therefore, we conclude that the negative 
real s-axis is a natural boundary of ®%},(s, cos 0). 

In addition to the singularities given by eq. (12), however, it is easy to 
verify that the integral in eq. (6) has a logarithmic branch point when 


(13) cos 03(s) = +1 
or 
(14) 3 = so = (We — iia malle (ie - 00). 


mè, 


that is, when the amplitude @,, is singular at the integration end point. Eq. (14) 
defines a point on the positive real axis 


(15) 0<5,<4m,, 


whose position is independent of the scattering angle. 

The higher singularities of ®,,(s, cos6), such as the branch points given by 
eq. (10), contribute further singularities to the distribution near the negative 
real s-axis when ®2(s, cos@) is studied at fixed angle or fixed momentum 
transfer. The additional branch points corresponding to eq. (14), however, occur 
on the negative real axis, and therefore do not explicitly complicate the be- 
havior of the function for which we have found a natural boundary there. 

We therefore arrive at the result that the analytic behavior of D®(s, cos 6) 
near s=s, is essentially the same as the behavior at this point of the ana- 
lytic continuation of the partial wave projections of ®%3(s, cos 0). The con- 
clusions about the occurrence of anomalous thresholds that have been ob- 
tained by following the change in position of s, considered as a function of 
slightly complex mì, as the the real part of mi, is increased until 


(16) Re mi, > mì + mì, 

(12) Both the functions cos 2 and 0, appearing here are obtained by analytic 
continuation from the physical range of the variable s without crossing the real axis 
s<4mi. They therefore have an imaginary part of the same sign. 
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can therefore be applied to the entire reaction amplitude at all physical 
angles (27-8), We shall briefly review these conclusions. As long as inequality 
(2) is satisfied, ®,,(s, cos0) and Df}(s, cos0) have poles at the points 
(17) 8 = sz (cos 6), 
where s¢(cos6) are the solutions of 
(18) cos 07 (8g) == così; 
in addition, D}(s, cos?) has the branch point at 
(19) $= §,= Sal) 

As Re mì, is increased until inequality (16) is satisfied, the singularities 
move continuously on the two-sheeted surface. Most important, the branch 
point s, wanders around the physical threshold and appears as a singularity 


(«anomalous » threshold) of ®,, on the physical sheet, still in the interval 


(20) 0<so< 4m . 


The two pairs of poles s5 (cos 0) also change their position. Since they occur 
on both sheets with the same residues, however, the fact that one pair exchanges 
sheets (i.e. one pole of ®,, appears on the unphysical sheet and the corre- 
sponding pole of DŸ, appears on the physical sheet) does not explicitly affect 
the funetion. For a certain range of angles defined by 


me | 
x pole (21) ae — <sin0<1, | 
in branch-cut Mp — Ma 
Zz natural 


di 
boundary the poles occur at complex values of s 


on the circle (1°) 


(22) [s—s,|= [(mi— mi}? — mij}/mg 


These results are most clearly displayed 


; in the complex plane of k=4/s— 4m. 
E. 

\\ 

\ Fig. 1. — Singularities of ©,g and ©] 
À in the complex plane of the variabli 
\ k=4Vs—4mi. The masses satisfy thi 


inequality mg < mà + mi. | 
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The upper and lower half-planes correspond, respectively, to the physical and 
unphysical sheets we are discussing. In Fig. 1 are shown the locations of 
singularities in the «normal » case of inequality (2), while in Fig. 2 are shown 
the locations of singularities in the «anomalous » case of inequality (16). As 


ole 
= SIONI 
zz natural 
boundary 


\ 
\ 
\ 
\ 


Q 
— 


(2) 


Fig. 2. — a) Singularities of ®,, and 2 in the complex plane of the variable 


k = 4Vs—4m2. The masses satisfy the inequality mi > mè + mi. The scattering 

angle satisfies sin 0<mî/(m&— mi). b) Singularities of Din and ®%, in the com- 

plex plane of the variable k= + Vs 4m. The masses satisfy the inequality 
mi > mi + mî. The scattering angle satisfies sin 0 > mî/(mi— mA). 


we pointed out, the behavior is qualitatively similar to the behavior of the 
partial wave amplitudes. We add that the natural boundary is unaffected by 
the variation of mi. It is also clear from Fig. 2 that the continuations of 
@,,, unto the upper and lower halves of the second sheet are no longer con- 
nected with each other in a direct way. They are only connected by paths 
that pass through the physical sheet. 

A dispersion relation for the amplitude on the physical sheet must take 
into account the location of the poles in addition to the contribution from the 
branch-cuts. We therefore have the two cases (neglecting subtractions), 


0 tee) 


Im @43(s’, cos 0) {Tm Dig(s/, cos 6) _ , 
(23) Das(s, cos 0) Ai sr si = ds'+ | “nat : ds’ + 
SNS: DI ee 
et Ami 
ase di ge 
' #(s, cos 0) — mì, | u(s, cos 0) — m3,’ 
and 
Sc oo È 
Im @&(s’, cos 0 Im DP,(s', cos 0) 
(24) (2.(s, cos 0) “I = 2 ER, à ds 
ss vs 
SE Ami 
g° g° 


he = bia = S O 
I 


t(s, cos 0) — mi | u(s, cos 0) — m3,’ 
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in the absence of anomalous thresholds, while 


0 foo} 
Im Pins’, cos. 6) _ , {Im Pyz(s', COSA) |, | 
(25) Daz(s, COS 0) Al = ARC no A ds = ; sca 5 = ds | 
Sf SG 
| g° | Rido 
* #(s, cos 0) — mi | u(s, cos 0) — mt’ 
and 
+0 
Im @&3(s8', cos 0 
(26) aB(S, COS 0) =| eS - Gla) 2 
oS == 98 


OF g° 


I le == MIT 
Wie mis È 29 
' t(s, cos 0) — mi  u(s, cos 0) — me 


in the presence of anomalous thresholds. It must be remembered that 
Im @,,(s, cos0) in the interval s.<s<4m2 is derived from @%(s, cos 0) in 
the same way as in the partial wave case that has been discussed in detail 
by OEHME (?). 

At fixed momentum transfer one can draw the identical conclusion about 
anomalous thresholds in the dispersion relations for ®,, (the only difference 
here is that the location of the poles, of course, is independent of the mass m,). 
This result follows from the fact that no new singularities of D®, other than 
the branch point s cross into the physical sheet through the cut (3) as mi 
in varied. For D%,, on the other hand, one cannot write a simple dispersion 
relation at fixed momentum transfer because of the many singularities at 
complex values of s (3-5). 

In spite of the non-convergence of the Legendre series, therefore, the exist- 
ence and properties of anomalous thresholds of reaction amplitudes parallel 
closely the corresponding behavior of the partial wave amplitudes. Basically, 
these properties stem from the angular integral in the unitarity condition 
(or in the partial wave case, from the integral defining the partial wave pro- 
jection). Since the reaction amplitude has singularities in the cos 0 plane, 
such integrals define multi-valued funetions, whose value depends on the choice 
of the path of integration. Now, in the physical domain on the physical sheet, 
the integrals must be taken along the real interval 


(27) Ci {—1<Re cos 0<1, Imcos@=0}. 


The analytic continuation from the physical domain then requires appropriate 
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distortion of the contour C as a singularity approaches it, so that the singu- 
larity does not cross it. Usually the singularities do: not approach C when s 
remains on the physical sheet. In the anomalous case of the inequality (16), 
however, the poles given by eq. (9) approach © on the circle eq. (22) in the 
s-plane. Continuation inside the circle then requires the contour to be dis- 
torted severely. On the real s-axis, finally, the contour resumes its normal shape C 
(except for the usual infinitesimal detours around the poles) for s<s,, but 
extends along the real axis outside the interval 0 for s>s,. It is these lat- 
ter distortions, which disappear at s= s,, that bring about the singular be- 
havior at this point (see Fig. 3). 


a) S(0)<S< 4m¢e b) 4mi< S < Sc (0) 


ve x Sapo 


€) S.<S< 4m, d)-æ<S<Sc 


Fig. 3. — Paths of integration in the complex cos 0-plane for the integrals in eqs. (4), 


+ 2 à * pe 
(5), (6) in the anomalous case mi > mi,+mf. Parts a-d refer to different values of the 


variable s. The crosses show the locations of the poles of Dir and D: 


The discussion we have just given makes plausible the appearance of anom- 
alous thresholds without using the device of changing the particle masses. 
It provides a somewhat more direct connection between these singularities 
and the physical region. In addition, it makes clear that the analytic con- 
tinuation of the partial wave projections will differ, near the anomalous thresh- 
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old, from the partial wave projection of the analytic continuation of the 
amplitude. Nevertheless, both have anomalous thresholds. 


We have enjoyed stimulating and informative conversations concerning this 
problem with R. OEHME. One of us (R.K.) is grateful to Professor W. 
THIRRING for the hospitality of the Institute for Theoretical Physics. 


RIASSUNTO (*) 


TL’ampiezza di scattering ad energia cinetica zero ha un punto di diramazione 
appartenente a due foglietti. Si dimostra che l’ampiezza sul secondo foglietto (non 
fisico) ha un limite naturale che termina all’energia totale zero. 


(*) Traduzione a cura della Redazione. 
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Radiative Corrections to 7 re y Decay. 


G. DA PRATO and G. PUTZOLU 
Laboratori Nazionali del O.N.H.N., Frascati - Roma 


(ricevuto il 16 Giugno 1961) 


Summary. — We have calculated the radiative corrections to the m —-7°+ 
+e-+v decay. 


1. — Introduction. 


FEYNMAN and GELL-MANN (1) introduced the hypothesis of conserved cur- 
rent to explain the absence of renormalization effects in the V part of the 
B-decay. In their scheme the weak vector current is identified with the (+) 
component of the isotopic spin current J{?. One of the suggested tests of 
the theory is an accurate measurement of the decay rate for the leptonic decay 
of the pion: 


(1) rm +e +y. 

In fact, neglecting electromagnetic corrections, the corresponding matrix ele- 
ment is given by 

(2) igv/2(ey*[1 + iv") |) 


and we have a simple connection between the relevant matrix element of the 
vector current and the electromagnetic form factor of the pion H,: 


i 
(3). (IT 1x) = Fe (me +m) Ek), 


(4) R. P: FEYNMANN and M. GeLL-MANN: Phys. Rev., 109, 193 (1958). 
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where %2= (7-— n°)? is the momentum transfer to the lepton pair. In the 
actual process (1) this momentum transfer is very small, so that one can 
safely put #,=1. In this work we propose to evaluate the radiative correc- 
tions (to order e?) to process (1). This would be important for a comparison 
of an accurate experimental result and the prediction of the Feynmann and 
Gell-Mann theory. 

Since it is difficult to introduce the pion form factor in a gauge-invariant 
way for vertices with virtual pion lines, we will use a local Lagrangian and 
a Feynman cut-off in the calculation of radiative corrections. The results 
will not depend critically on this cut-off, since the divergence will be found 
to be only logarithmic. 


2. — Formulation. 


In the following we shall use the notations and the conventions of the 
textbook of BOGOLIUBOV and SHIRKOV (2). Let p,, Po, Ps, Pa be the momenta 
and Mi, Mz, Mz, m,—0 the masses of the x, e-, n°, y We put also: 


(4) cosh 0 = Papa) : 
MM 


All the calculations will be performed in the center-of-mass system. 
The Lagrangian responsible for the process is 


(5) L, = {0m — 20,07} (éy"[1 + iy5]r) + he... 
Following the principle of the minimal electromagnetic interaction, the 


Lagrangian that takes into account the electromagnetic interactions as well 
. . . . ; ì ? 
is obtained from the complete Lagrangian without them 


(6) Ce = FO | PW | GR | PM 


free free free free 


PL, 


by the substitution 
(7) dx p(2) > (0,— ie A,(x)) p(a) , 


where A(x) and (a) are respectively the field operators of the photon and of 
the generic charged particle that appears in the process (1). 


(2) N. N. BocoLiuBov and D. V. Suirxov: I lon | ) 
sn 2 AVR R : Introduction to the Theora Ouantiz 
Fields (New York, London, 1959) ye i 
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In this way we obtain for the complete interaction Lagrangian L: 
(8) L= Lab e:eAde:+ te:| O'n* n —n" dal: A,— earn A, Ar: + 


+ [g(ey*[1 DIE iv p)ieAxn*7° + h. c.] P 


The last term is a new direct interaction between the five particles x, 
io, v andy. 


3. — Feynman diagrams. 


Using the Lagrangian (8) we have seven diagrams corresponding to the 
process (1) up to the order g?e? (Fig. 1). 


TRS oT 


? 
x DA x oa x 7 
K Di ÈS di DS A ax? 73 
LA 
X A > LAN 
À VAN » AN 
Fo Fi F2 È 
aa Q ÈS Aa 
\ NN + 
TAN PA 
F, Fs 
ioni 


Besides them we have also to consider three diagrams (Fig. 2) relative to 
the same process with bremsstrahlung: 


(9) O o 
x ‘ DI 4 È “ 
ÿ 2 SK /< Ss Ag 
ge SAR WER 
Fa Fa Fg 
Fig. 2 


They give to the transition probability a contribution of the order g?e?, 
depending on the experimental situation (see Section 5). 


3111 


544 G. DA PRATO and G. PUTZOLU 


4. — Transition probabilities (virtual photons). 


We put 
(10) (e, oe Tee |a) = (0, Pas De PIE 


and we have 


(11) ey 


1 


where F,,’s refer to the various diagrams of Fig. 1. Calling dP, the corre- 
sponding differential transition probability, summed over the final spins, we 
have 


(12) av, ION F|?6(p, — Pa — Ps — Pa) dp. dp, aps , 


2 spin 


where to the order g?e? we have 


6 
(13) |P |P=|P, |? +22 >, FoF, - 
1 


41. — Calculation of Fy. 


ic 
(14) F, = È (ST + Byl[1 + 9510) 
2 (200 )?V Piobso 
9° a 
(15) 2 [Fee — In) 0 {8(p.Ps)(P1Pa) — 4ms(pipa) + [ms — 4mî](PrPa)} . 


42. — Calculation of (F,+F;4 Fi). 


à | 4 3 
(16) ORI B= — vf | dk (2B, — dk — 2(p,k)) + 
)° VAD Dao È sf) 
+ (4m, — 205 + 2h) (ke — 2(p,k)) + (27, = k)(m,+ Ps — k)(Py Pee 


+ k-*[k? — 2(p,k))“[k? — 2(pok)|-*[1 + iv5]vi ; 


This integral shows ultraviolet and infrared divergences; consequently it 
has been evaluated introducing a Feynman cut-off (— (4/2 —2))) and a 


fictitious photon mass À,. The same will be made, where necessary, for the 
other diagrams. 
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By standard methods one obtains 


ge? all 
(22)° Vv AD Pao 


(17) Pi+f,+F,= 3 {21,D,[D.+ ma][D1 + ps] — 


als [5m,D, se Mss = Dos * DD ca 2D; Do | = 24023 — mp») |L, # 


a 2p Lol (Pr + Ds + 2m] + I [4p, tr om] = DI Me iy? )uq , 
where 


hh. h:h 
I a dea 
. We hh shh 
=O is 5 

aad h 


pa et TS gig "y" (Po A Dy yh hk 


2 hk 


j,, 7, and jf" have been defined and evaluated by BEHRENDS, FINKELSTEIN 


and SIRLIN (*) (formulae (7a) and following). 
Substituting the expressions for the j’s, we obtain 
ge? 1 dI? 


oe pel a (Am, BP At 
1 5 6 Cr) NOE 9 2 ( Pr)( y°)va 


where 


A =—41,(pip.) — 2I, [mi — (D1D2)] — 
(20) — 213 [4 (P1D2) — mz — 2mi] + 31; — 21%, 


B = 41,(pyp2) — 211 3(P1P2) + mi | — 129[3m3 + 4(prps)] + 21 — Ia. 
Lu, In, In, and I, are defined by the positions: 


bela Piel Da; 
(21) 


Ces “a “aS 
Ly = In Da + Lao Da - 


Finally the contribution of (F,+F,+F,) to the transition probability is 


(2) ZAR + Pot Fe) PS] = — gr, BE) + 


2(A — B)m? — (Am, + 4Bmi)(ps RE ray 
= a( )Ms(PxPa) 2 1) (PeP4)] ProProPsoPso ? 


(8) R. H. BEHRENDS, R. J. FINKELSTEIN and A. SIRLIN: Phys. Rev., 101, 866 (1956). 
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and the fractional correction 6%° ig 


> 2R[(F + Fs+ Fe) Fo] 
23 DIRI oe ee = =. 
A EAE 


spin 


1 & 8B(pips)(pipa) + 2(A — B)mi(pips) — (Ams + 4Bmi)(psPa) 


2 3 8(p DIS ) — 4mi(pipa) + (mì — 4m?2)(p,p,) 


43. — Calculation of F,, F, and F,. — These diagrams describe self-energy 
effects; after mass and wave function renormalization the diagram F, does 
not give any contribution, while the diagrams 7, and #, give the following 
fractional corrections to the transition probability: 


5. — Transition probabilities (real photons). 


As is well known, when treating approximations to the order g°e?, one must 
consider the corrections due to real photons of energy inferior to a maximum 
value e depending upon the experimental resolution, as well as the corrections 
due to virtual photons. In our case we have assumed e<m,. We put 


(25) (er; n°, 7, M | (Set) ca) CE Si: Ps— De. Da k)G ’ 
where % is the momentum of the emitted photon, and G=F,+ F,+ F, (see 
Fig. 2). 

Calling dP, the corresponding differential transition probability, summed 


over the final spins and polarizations, and integrated over k with |k|<e 
one obtains 


(26) dP, = x. 2 DIL 2 d(p, 
lk 


Ds Pan, kK) dp, dp, dp, . 


Because e< my, we can neglect the diagram F,, which gives corrections 
proportional to e and &?; for the correction relative to (F,+F,) one obtains 
by standard methods 


1 
(27) dP, = d19 ZA > | Fol? O(p, — (oy = [tks Pa) dps dps; dpi ; 


spin 
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where 6, that is consequently the fractional correction due to the brems- 
strahlung, is given by 


x 9 
(28) dura — — = 2 In = (1 — 0-ctgh 0) — 8 ctgh@ — 1 + 
à 
I 1+ 4, 
= (pipe) [ds = el 
-1 
where 
p.=3p.(1+2) +p.(1—2)] and 2 Be 
I zo 


6. — Total correction and approximations. 


The total percentual correction is given by 
(29) Ô =, (1:5, 6) + 6 ul 03) + (67,8) ; 


where the d‘’’s are given from (23), (24) and (28). As it must be, 6 does not 
contain À. 

In the very good approximation m,<m,, d‘!5 and 0% may be written 
as follows: 


? 5 
| an e Ù etgh 0 (0 2 In Am 5) In a Opa s| 
IT Me fs 2 À 8 
(30) 
| Quo = — CA ie (1 — 0 etgh 0) +0 ctgh 0 — n| : 
IT m 
Then 
; IL 1 
Cie) = See aL etgh 6 — 40 etgh 6 — =In — 3ln —= + 
TT 2 Poth} 
2 2 
ne L In a 20 ctgh 0)|. 
Mi Mo 


7. — Integral transition probability. 


We call P, and P the integral transition probabilities to the order g? and 
g’e?, and 6p =(P— P,)/P, the corresponding fractional correction. 
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By definition: 


| P,= 7 DS | Pol Oi — Va Da Pa) dp. dp: Ap , 


(32) = spin 
| 2- = 2 | Fal S(P1 — Po — Ps — Pa) dp. dps Api - 


Performing the integrations considering also the pion’s recoil, and neglecting 
only terms like mì in comparison with m{, one obtains 


g° i ARR 
39 IP, = Amm BAY EE = (A2— met (È A3 ——m,A? — 
( ) r= Lf 2)5( 1 ) +30 2 4 gt 
1300 = à 2 
= m3A + mimi) + = = med? (A — 2m,)(A? — mi]; 
a TANG ee LOT eal 6229 3. Ms 
(34) y= In | al i to 
TT Mo 50 Ms 1800 Sa 
À 2e (107 24) 
3 In -2ln =| ei : 
My, mas \ 60 Mo 
where 
(ee 
2m, 
Finally one obtains numerically 
(35) PB, = VEDI 
à 2e A 
(36) 0, = 0.027 + 0.005 In — + 0.007 In—. 
Me Mi 


8. Discussion. 


The value (35) has been obtained using the following numerical values: 


IE — (139.59 + 0.05) MeV (4) 
(37) my = (135.00 + 0.05) MeV (4) | 
[eae aie + 0.001) +10-5 (5). 


(4) W. H. BARKAS and A. H. RoseLFELD: UCRL 8030. 
(5) M. GELL-MANN and M. Lévy: Nuovo Cimento, 16, 705 (1960). 
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From the errors on m,, m, and g follows an error of 1.6% on P,, essentially 
determinated by the incertitude on the masses; hence this error is about one 
half of the correction (36). 

In (36) the cut-off for short wavelengths is not cancelled; however, the 
result depends only logarithmicaily on this cut-off. 

Assuming for example ¢= (1/20)m, and A=10m, we find 


(38) dp = 0.032 . 


Finally for the lifetime t we get 


(39) T = 1.808 (1 + 0.032)(1 + 0.016) s = (1.866 + 0.030) s . 


We thank Professor R. GATTO and Doctor N. CABIBBO for their continuous 
assistance and advice. We are also grateful to Dr. S. BERMAN for some useful 
remarks. 


RIASSUNTO 


Abbiamo calcolato le correzioni relative al decadimento 7 —7°+e +. 


36 — Il Nuovo Cimento. 
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On the Radiative Decay Mode K 7 +7 7. 


D. Monti, G. QUARENI and A. QUARENI VIGNUDELLI 


Istituto di Fisica dell’Università - Bologna 
Istituto Nazionale di Fisica Nucleare - Sezione di Bologna 


(ricevuto il 3 Luglio 1961) 


Summary. — A decay mode: K+ —z++7°+y has been observed. Up to 
now, this is the third event supporting such decay mode. The 7° energy 
is 79-+1.5 MeV. Taking into account the available experimental data, 
the branching ratio, which corresponds to the energy interval (55—80) MeV 
of the positive pion, results to be 8-10~4 radiative decays per K+-decay. 
A part from fluctuations, the mentioned value might be underestimated 
by a factor two. In order to justify the experimental branching ratio 
a direct emission term is needed, in addition to the bremstrahlung term, 
which alone would account for a ratio of 1.6-10-4. 


During a systematic study on the K* decay modes by means of photo- 
graphic emulsions, an unusual event has been observed. A K+ decays at rest 
giving, as unique charged product, a pion of 79 MeV. The pion too decays 
at rest in the emulsion stack giving the decay cascade 7 >u —e. The K* | 
belongs to the K*-beam, as it has been controlled by following its track back 
and by comparing the behaviour of its ionization with that of other K+°s 
decaying at rest in three charged pions (see Fig. 1). The energy of the pion 
was determined from its range and it agrees with grain count at the beginning 
of the track (see Fig. 2). No sudden changes in the ionization have been 
observed; therefore inelastic scattering along the particle path can be excluded. | 
The ionization of the pion has been measured in many points of the track! 
and its behaviour has been compared with that of other identified +-mesons! 
(see Fig. 2). The length of the u-meson track is 605 um. | 

The possibility that this K* decays in flight in one of the two usual decay. 
modes: K*—>7t+ 7° and K*+>r++ 7°+ 7°, is ruled out by kinematical consi-} 
derations. 
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The more plausible interpretation of our event is a radiative decay in 
accord with the scheme: Kt >7++7°+y. 

So far two other anomalous events were observed (1?) which have been 
interpreted in such a way. However the energies of the pions of the two 
earlier events coincide so closely, (60 +1) MeV and (61.7 +1.5) MeV, that 
one could think to a two-body decay in which a neutral particle of 500 m, 
might have been present. The energy of the pion in our event is quite different; 


(79 +1.5) MeV; therefore the in- 
terpretation of these anomalous 
events as radiative decays becomes 


even more reasonable. 

The radiative decay of the Kt 
is connected with a rather interest- 
ing problem. Because of the AT=4 
selection rule, the Kt>7t+ 7° 
decay is thought to go through the 
electromagnetie interaction. Its 
amplitude would arise from electro- 
magnetic corrections of order e?, 


60+ | 
di | 
50 | 
s È BC 


mm 

see nen A, Ji Li 
5 10 20 3G 

Fig. 1. — The grain density g (in ar- 


bitrary units) of K*-meson tracks vs. 
the range. + the K* undergoing ra- 
diative decay; y 7-mesons. 


D 


(al 


2.05 


i I ie mm 


reason | 


10 SO 100 200 


Fig. 2. — The grain density of z-meson tracks 
vs. the range. g,is the grain density corre- 
sponding to the plateau, e the 79 MeV xt; 


© other nt°s. 


while for the radiative decay K+—7x*-+ x°4 y the direct emission amplitude 
whould be of the order e. For this reason GELL-MANN (*) suggested that the 
two processes might have comparable rates. However, this fact is not confirmed 


eC ARIS. J: nn, I° 


( 
(2) D. J. ProwsE and D. Evans: Nuovo Cimento, 8, 
(3) M. GELL-MANN: Nuovo Cimento, 5, 
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OREAR and S. TAYLOR: Phys. Rev., 108, 1561 (1957). 


856 (1958). 
Loo (LOST). 
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by the experiments. Goop (4) and more recently CABIBBO and GATTo (?) cal- 
culated the radiative rate and they found that it could be, according to the 
selection rule, as low as the experiments indicate. The energy spectrum 
of the positive pion is constructed by three additive terms: a direct emission 
term, the internal Bremsstahlung term (of order e?) and an interference term. 
It is not possible to determine exactly the direct term because of the rather 
large uncertainties, mainly connected with the mass corresponding to the 
interaction volume, by Goon, or with a decay constant by CABIBBO and GATTO. 
Also the sign of the interference term is not known. The spectrum extends 
from 0 to 108 MeV, the upper limit being the energy of the positive pion in 
the non radiative decay. Only a small region can be compared with the 
experimental data. In fact, it is practically impossible to distinguish between 
the m+-+ 7°+y and the 7*+ r°--7r° modes when the energy of the 7* is smaller 
than 55 MeV, (the maximum energy of the xt in the x++7°+7° mode is 
53 MeV). Even the most energetic pions of the spectrum have been not re- 
cognized because of their low specific ionization, the selection criteria for 
searching these events being based generally on ionization cut-offs wich each 
laboratory has established in order to guarantee largely the complete detec- 
tion of the nt+ r°+r° decay mode or to inspect the Ke spectrum until about 
60 MeV. 

The theoretical spectrum was compared with the experimental data 
in the energy region between 55 and 75 MeV, i.e., 2 events in a sample of 
8653 events. Since the internal bremsstrahlung term alone accounts for 
1.2-10-* radiative decays per K*-decay, the mentioned experimental rate could 
be explained without invoking the direct emission term or by choosing the 
negative sign for the interference term. Our additional event does not change 
appreciably the experimental situation, even though it was found in a very 
small sample of properly analysed K*-decays. 

We think, however, that the experimental rate was underestimated. The 
8653 Kt-decays belong 5000 to the Columbia University group (87), 3300 to 
the Dublin group (8) and 353 to ProwsE and EVANS (*). Except for this last 
sample, it appears from the literature that, because of technical reasons, not 
all decays have been analysed with the same criteria and only a fraction have 
been inspected in a suitable way as it is required for the detection of the 
Tt+ 7°+y decays. 


(4) J. D. Goop: Phys. Rev., 113, 352 (1959). 

(5) N. Caprppo and R. Gatto: Phys. Rev. Lett., 5, 382 (1960). 

(6) J. Ormar, G. Harris and S. TAYLOR: Phys. Rev., 104, 1463 (1956). 

(7) S. TayLor, G. HARRIS, J. Qrear, J. Luz and P. BAUMEL: Phys. Rev., 114, 
359 (1959) 

(8) G. ALEXANDER, R. H. W. JoHNston and C. O’CEALLAIGH: Nuovo Cimento, 


6, 478 (1957). 
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We try here to summarize the world data in order to get a better and more 
complete situation of the present experimental situation. The data appears 
in the Table I; in the column 3, for the properly examined K*-decays we mean 
the number of K*-decays among wich radiative decays could be detected with 
a reasonable efficiency. The error of the sum of column 3 is no more than 
symbolic; it represents our estimate of the order of magnitude of the error we 
made in manipulating other people’s data. The two doubtful decays of column 4 


TABLE I. 


| bk Fi | 
i Number of K*-decays | | Upper 
\utl I | Radiative | 7* energy | energy 
A ro Total Properly decays (MeV) limit 
examined | | (MeV) 
| | 
ALEXANDER et al. (8) 3300 358 | 0 | 
| | 
legal | 60+ 1 | 
TAYLOR et al. (7) 3 656 2380 _—— = - 83 
| 2% | 55 +83 
OREAR et al. (°) 1249 | 0 0 
= = = È === ——|-_— —— -— end ie alta 
Prowse and Evans (2) | 353 | I 61.7+1.5| 80 
Le 3e, Ne I re È Sr La NR Ee! 
| G-Stack Collaboration (9) | 54 | 0 
| Rrrson et al. (2°) | 766 ae ee) 
CRUSSARD et al. (11) | 63 0 | 
| | 
— = = = ET = = _ — ZA —| = est == As == = 
Hoane et al. (12) yes | 46 0 | 
BoaaiLp et al. (13) 1257 | 467 0 | 61 
Present work 9000 30 1 79+1.5 | 80 
Total | 3788+100 | 342? | 
eo a SERE DARA n CI =: 
(°) G-Stack Collaboration: Nuovo Cimento, 2. 1063 (1955). 
(10) D. M. RIrson, A. PEVSNER, S. 0. FUNG, M. WipGorr, G. T. Zorn, S. GOLDHABER 


and G. GOLDHABER: Phys. Rev., 101, 1085 (1956). 
(+) J. Crussarp, V. FOUCHÉ, J. HENNESSY, G. Kayas, L. LEPRINCE-RINGUET: 
Nuovo Cimento, 3, 731 (1956). 
(12) T. F. Hoang, M. F. Kapton and G. YEKUTIELI: Phys. Rev., 102, 1185 (1956). 
(1°) J. K. Boccrcp, K. H. HANSEN, J. E. HooPER and M. ScuaRrr: Nuovo Cimento 
(992 (L961): 
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give each a secondary which goes out of the stack. The measurements on the 
track indicate pion masses, but the authors classified the two events as K,, 
decay modes for very acceptable arguments, based on the relative rate of 
the two considered processes and on the probability of the measurement de- 
viations. 

It is not clear whether one must take into account these two events or 
not; if not, the corresponding K+-sample should be furthermore reduced for 
this kind of inefficiency; if yes, one can note that the rate would become 
more similar to the rate given by the other laboratories. 

In order to take into account also our event, we will consider the energy 
interval from 55 up to 80 MeV. Therefore one should multiply the number 
of the observed events by some factor greater than unity, in order to correct 
for the detection inefficiency which should have been rather important near 
the upper limit of the energy interval. However the most pessimistic rate 
3/3788 ~ 8-10-* is 5 times greater than the rate accounted for by the internal 
bremsstrahlung term alone, i.e., 1.6-10-* radiative decays per K+ in the range 
(55-80) MeV. Unfortunately the number of the radiative decays up to now 
observed is so small that one risks drawing meaningless conclusions. However 
the aim of our discussion is to show that: i) in order to account for the pres- 
ent experimental rate, the direct term is necessarily required; ii) the 
mentioned experimental rate being very probably underestimated by a factor 2, 
it is not hopeless to bring more light on the problem with an appropriate 
experiment. 


We wish to thank Dr. E. LOFGREN and the Radiation Laboratory staff 
of the University of California for making the exposure possible and in par- 
ticular Dr. Scamrrz for his valuable help during the exposure. We are also 
grateful to Prof. R. Garro and Prof. A. STANGHELLINI for their interest in 
our research and for many helpful discussions. 
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È stato osservato un decadimento del tipo K+ —7++7°%+y. Si tratta di un evento 
molto raro di cui finora esistono solo tre esempi. L'energia del x* è 794-1.5 MeV. 
Tenuto conto dei dati sperimentali finora a disposizione, il rapporto di disintegrazione 
corrispondente all’intervallo di energia del 7* (55--80) MeV, risulta 8-10-* decadimenti 
radiativi per decadimento di K*. Si ritiene che, fluttuazioni a parte, il rapporto possa 
essere sottostimato per un fattore 2. Per spiegare il rapporto sperimentale è indispen- 
sabile tener conto di un termine di emissione diretta oltre al termine di bremstrahlung: 
quest ultimo da solo giustificherebbe un rapporto di 1.6-10-4. 
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On the Two-centre Models of Particle Emission in Cosmic Ray Jets. 


J. PERNEGR; V. SIimAK and M. VoTRUBA 


Institute of Physics of the Czechoslovak Academy of Sciences - Prague 


(ricevuto il 4 Gennaio 1961) 


The observation of a two-maxima 
shape of the angular distribution of secon- 
dary particles in high-energy cosmic ray 
jets has been described by CIOK ef al. (1) 
and is supported by a large evidence 
of GIERULA et al. (2). For the descrip- 
tion of this experimental finding empir- 
ical models have been proposed in which 
the emission of particles is supposed to 
take place from two independent centres. 
There are two different two-centre mo- 
dels: 1) the «fire-ball» model of (1:45) 
where the emitting centres are assumed 
to moye separately from the nucleons 
after collision, and 2) the «isobar» or 
« excited nucleons » model (5:7) where par- 
ticles are supposed to be emitted from 


@) P. Crox, T. COGHEN, J. GIERULA, 
R. HoLxNsKt, A. JuRAK, M. Mrmsowicz, T. SA- 
NIEWSKA, O. STANISZ and J. PERNEGR: Nuovo 
Cimento, 8, 166 (1958); 10, 741 (1958). 

(3) J. GIRRULA, M. MirsowIcz and P. ZIE- 
LINSKI: dcta Phys. Pol., 19, 119 (1960); Nuovo 
Cimento, 18, 102 (1960). 

(3) J. GIERULA, D. M. HASKIN and E. LOHR- 
MANN (we are indebted to Prof. GIERULA for 
kindly sending to us the preprint). 

. (4) G. Coccont: Phys. Rev., 111, 1699 (1958). 

(5) K. NIU: Nuovo Cimento, 10, 994 (1958). 

(*) J. BURMEISTER, K. LANIUS and H. W. 
Miter: Nuovo Cimento, 11, 12 (1959). 

(7) F. J. FARLEY: Nuovo Cimento, 16, 209 
(1960). 
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the moving nucleons which become ex- 
cited during their interaction. 

We should like to contribute to the 
question of the regions of applicability 
of both models (8-8). At first, we are 
summarizing the basic relations. Assum- 
ing forward-backward symmetry the en- 
ergy balance in the c.m. system of a 
nucleon-nucleon interaction is given in 
any type of a two-centre model as follows 


(1) Ve=V yet 7M*, 


where y, N 
nucleon before and after collision in 
units of Me? (and, of course, y, is then 
equal to the Lorentz-factor of trans- 
formation from the ¢.m. system to the 
L-system), 7 18 the Lorentz-factor of the 
emitting system with respect to the 
c.m.-frame, M*=3n;E_/4Mc? (where E, 
is usually put equal to 0.5 GeV). Simi- 
larly as in (‘) we denote by y, and y 
the Lorentz-factors of transformation 
from the emitting systems to the L-sys- 
tem, and by n, the number of charged 
secondaries. 

In the fire-ball 


and y,, is the energy of the 


model the derived 


TAKIBAEV: Proc. 
82 (1960). 


(Hi Ge Boos and J. S. 
of the Moscow Cosmic Ray Conf., 1, 
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quantities y,, 7 and inelasticity A are 


nc? 


defined by the formulae: 


Tu 
(3) le 
2/172 
vM* 7 
(4) Ko == Me. 
Veni Ve 


In the isobar model there are two ways 
of defining these quantities. The Berlin 
group (°) starting from the energy balance 
in the L-system and using consequently 
in eq. (1) the identity Vp =? obtained 
the expressions: 


(5) y= Veit m9) (1+ IE), 


might express them as follows: 


(8a) n= —— (2y,—1), 
34, 
or 
po ia 
(8b) jy == = 


To compare mutually both modifications 
of the isobar model and the fire-ball 
model we introduce (using the equality 
vI=VI) the parameter A given by 


the formula 


DI 
(9) di SES eee 
(Ya + Y2)( + MY) 

with the help of which we may rewrite 
conveniently the basic relations; we are 
summarizing them in Table I. 

It is clear that in the case A=1 the 
fire ball model becomes identical with 
the isobar model. 


y,—-11+ M* 1+ M* In Fig. 1 we plotted the values of 4 
TABLE I. 
- e O | — — — 
Fire-ball model 2 7 | K Ne Yo 
= 7 — — — — — — — Di — — 
| È Ve = 
| 3erlin (8 yi =(1/A)y, y = Ay | K'=A2K ms Vo 
Isobar asa = Sei = | ME ee ee eee 
model | Vo y | 12 n= A=n, Vo 
| FARLEY (?) |- — = -— = A} sh al Sa Ve 
ns Ta Le 


Farley’s modification of the isobar mo- 
del (7), on the other hand, is based on 
the angular distribution and maintains 
therefore the definitions of y, and 7 ac- 
cording to eq. (2) and (3); the inelasti- 
city K (71, Ye, #) according to eq. (4) 
then has to be equal to Æ' given by 
eq. (7) which is independent of the an- 
gular distribution. To obtain agreement 
between eq. (4) and (7) a « predicted » 
multiplicity nor alternatively a theoret- 
ical value of yf are being used in (7); we 


against y, of 80 jets with n,>6 and 
N, 2, induced by neutral, singly charg- 
ed and «-primaries which have been 
collected from this laboratory and from 
co-operating groups (*) as well as from 


(*) Private communication from Prof. M. 
DANYSZ (Warsaw), Dr. E. FENYVES (Budapest), 
Prof. J. GIERULA and Prof. M. Mimssowrcz 
(Cracow), Dr. K. LAnrus (Berlin), Dr. G. B. 
Zpaxov (Moscow) and Prof. J. ZDaxov (Lenin- 
grad). 
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literature (19-13). It is to be seen that 
fluctuations can not oppress an obvious 
trend of increasing A with y,. In the 
region of y,< 20 the mean value of A=1 
i.e. the isobar model seems to fit the 
data satisfactorily, while at high energies 


DIO 


whereas the trend of the values of 4 
is just opposite, and could not be as 
high as the observed values of A resp. 
A? in the high energy region. 

The remarkable point of difference 
between the isobar and fire-ball models is 


the parameter 4 reaches values far the inelasticity. In Fig. 2 we have drawn 
above unity. the values of A (circles) and A (crosses) 
20+ 
4 . 
tot 
oF 
All .. ae satel 
ae i ee a $ ° < 
e ”e eo e’ 
> IR Or 
05 
1 al 1 1 1 =i 1 1 J) 
1 2 5 10 20 50 100 200 500 ye 


Fig. 1. —-Energy dependence of parameter 


model and the fire-ball model; dashed line for 


The fact that Ais a factor of propor- 
tionality between y, and y! and that A? 
relates y, and yy suggests that the in- 
fluence of the energy spectrum (II approx. 
of CASTAGNOLI et al. (14)) on the value 
of A should be considered. This influence, 
however, had to remain constant or 


rather to decrease with increasing A?, 


(*) B. EDWARDS, J. Losry, D. H. PERKINS, 
K, PINKAUW and J. REYNOLDS Phil. Mag., 3, 
237 (1958). 


CH) M. ScHEIN, D. M. Haskin, E. LoHR- 
MANN and M. W. TeuGHER: Phys. Rev., 116, 
1238 (1959). 

@2) J. CIC VAN Phys. Rev, 115, 1712 
(1959). 

(CERI TG, XLASSER, D. M: HASKIN, 
M. SCHBIN and J. J. LORD: Phys. Rev., 99, 


Lops (1955). 

(4) GC. CastAGNnOLI, G. CoRTINI, C. FRANZI- 
NETTI, A. MANFREDINI and D. MoRENO: Nuovo 
Cimento, 10, 1539 (1953). 


A characterizing the difference between the isobar 


A=1 corresponds to isobar model. 


for the same collection of jets as in 
Fig. 1. Again, in the region of y,< 20 
the isobar model suits better than the 
fire-ball model; at high energies, on the 
other hand, the fire-ball inelasticities Æ 
agree reasonably with direct experi- 
mental evidence, whereas the values 
of K' seem to be overestimated. 
Following FARLEY (cfr. Fig. 2 in (7)) 
we tried to test the applicability of the 
isobar model comparing the observed 
values n, and y, with the theoretical 
curve drawn according to eq. (9); we divid- 
ed our collection of jets into two groups 
with y,< 20 and with y,>20 (Fig. 3). 
The points corresponding to jets from 
the low energy group are cumulated 
around the curve drawn for the isobar 
model in agreement with (7); it would 
be difficult, however, to make similar 
observation for the high energy jets. 
From Figs. 1, 2 and 3 we are inclined 
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Pig. 2. 


_ The dependence on ye of the inelasticity A defined with the help of eq. (4) (fire-ball 


model)—circles, and of the inelasticity A' according to eq. (7) (isobar model)—crosses. 


100 


0.001 


0005 001 


Hig. 3. 


Observed multiplicity ns; plotted against the values of 1/2. 
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The curve is drawn according 


to eq. (8) for the isobar model. 


to draw the conclusion that the (isobar) 
model of excited nucleons may describe 
well the interactions with primary en- 
ergy below —101 eV (y,< 20), while 
the region of applicability of the model 
of «ionized » nucleons (fire-ball model) 


lies above — 101? eV. Fig. 1 shows also 
that the boundary region between both 
models is rather broad and suggests that 
besides primary energy other parameters 
influence the excitation or « ionization » 
of the interacting nucleons. 
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Recently several attempts have been made to give the correct explanation of 
the finite Knight shift for superconductors by using the theory of Bardeen et al. 
and Bogoliubov ('). These approaches are roughly classified into two groups; the 
one (*) shows that, by taking account of the significance of the size parameter in the 
theory, a finite Knight shift is explained phenomenologically, and the other (*) 
that the frequency shift for superconductors is deduced indirectly to be zero from 
predicting the exponentially vanishing susceptibility near 7=0 °K. In particular, 
anticipating the possibility of the occurrence of paramagnetism in superconducting 
electrons in the latter case, YosnipA and SCHRIEFPER rearranged the operators 
in the magnetic interaction and calculated the electronic spin susceptibility for 
the superconducting ground state. On the other hand, Reif’s (4) experimental result 
shows that the Knight shift in colloidal superconducting mercury is 1.6%, and 
Knight et al. find a Knight shift of only C.5% for Hg and 0.55% for Sn (5) when 
extrapolated to T=0 °K. 

The purpose of the present note is, instead of calculating the susceptibility of 
electrons directly, to consider an alternative way of computing the shift and to 
investigate the dependence of the Knight shift on the energy gap appearing in the 
energy spectrum of superconductors. According to the proposal of Kniaur (5), 
the frequency shift of nuclear magnetic resonance is caused by the orientation ot 
spin moments of conduction electrons near the top of the Fermi distribution. 

Thus we take the following processes as relevant to the Knight shift; the magnetic 
interaction of electrons first polarizes the electron gas, and then it couples with the 
nucleus through the electron-nuclear hyperfine interaction, and vice versa. Hence, 


(1) J. BARDEEN, L. N. Cooper and J. R. SCHRIEFFER: Phys. Rev., 108, 1175 (1957); N. N. BoGo- 
LIUBOV: Nuovo Cimento, 7, 804 (1958); and N. N. BOGOLIUBOV, V. V. TOLMACHEY and D. V. SHIRKON : 
A Neu Method in the Theory of Supyrconductivity (Moscow, 1958). 

(2) R. A. FERRELL: Phys. Rev. Lett., 3, 262 (1959): P. C. MARTIN and L. P. KADANOFF: Phys. 
eu. Letti, 3, 322 (1959). 

(8) K. YVOSHIDA: Phys. Rev., 110, 769 (1958); J. R. SCHRIEFFER: Phys. Rev. Lett., 3, 323 (1959). 

(4) F. Relr: Phys. Rev., 106, 208 (1957). 

6) W. D. Kxicar, G. M. ANDROES and R. H. HAMMOND: Phys. Rev. 104, 852 (1956)- 
G. M. Anprors and W. D. KNIGHT: Phys. Rev. Lett., 2, 386 (1959). 

(5) W. D. Kiev: Solid State Physics (New York, 1956). 
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we have the following operator, the expectation value of which for the unperturbed 
Bogoliuboy ground state gives rise to the Knight shift, 


LE 
JE 


par 


b= By, Hp. 


an ? 


1 
(1) K- Hm = Hyg +H 
) 


where H, is the energy of the free electron, phonon gas and nucleus, H, the electron 
phonon interaction energy, H,, the magnetic energy of electrons, and H,, the 
hyperfine interaction between nucleus and conduction electrons. Of course, these 
operators are written in the second quantized form and further transformed by 
Bogoliuboy’s technique, 
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where «*, x obey the Fermion commutation rule, provided that u?+ 071. If we 
calculate its expectation value for the unperturbed Bogoliubov ground state, inserting 
expressions (2) into eq. (1), we have the shift of magnetic energy in the form 


DAI 19H È Il 9 9 2 9 
fie Dir, kW \k> {uit + niv — Auv) (uv),) 


(3) At x} 


a] 7 
1 || i, E 


The matrix element (kh) IW |k> is the diagonal element of the operator JF which is 
obtaine by approximately replacing the propagator 1/b with the operator 
la — Hg(1/a)Hg]?, in order to calculate the multiple scattering of phonons by 
quasi-particles in the intermediate states, except for multiple exchange of phonons, 
where à = H)— Hy. 

The integral equation for W is suitably rewritted by using scattering matrix, 
and it is easily proved that the integral equation is approximately solved by the 
choice of a suitable trial function relevant to the multiple phonon scattering. 
Thus the trial funetion is (7) 


(4) Ie 


(7) R. Suzuki and M. Arkano: Nuovo Cimento, 16, 570 (1959). 
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Now, substituting Bogoliuboy’s values for u, and v, in eq. (3), the magnetic 
energy shift is obtained in the form ot 


Che ae 
(5) AH = — — (u2gH)(mk,/207)2I*R(Z, — eZ), 
where 
8 a VeELELE 
Z = — = (2x)y, Z, = — - log ; dea a 
3 av C2 + & È 


y being the cut-off energy in order of magnitude of £,:10-4 or energy gap © at 
T=0 °K. Further, by rewriting the square energy density (mk,/272)? as 2(n/H,)?, 
the Knight shift is given by 


AH 3n 3n2°R .. E 
—= — J —— — (7, — ch). 
H AN 2H, Bz 


(6) 


Since, in eq. (6), the second term in brackets involves the energy gap c explicitly 
and, therefore, vanishes as ¢ +0, it is thought to be a necessary term for describing 
the Knight shift for superconductors. On the other hand, the first term depends 
implicitly on ¢ only via the trial function, and, it will give the Knight shift pro- 
portional to the paramagnetic susceptibility 7,=3nu}/2E, as e +0. In order to 
check up our result with experiments, it is necessary that one normalizes the con- 
tribution from the first term to the values (2.59) for mercury, or (0.75%) for tin 
at the transition temperature or at c= 0, since the zero-order interaction responsible 
for the Knight shift in the normal metals hardly gives the contributions to that in 
the superconducting state. Then we have 


= 
— 
N 
Ra 
I 
( 


where « is determined from Reit’s measurements to give about 2.0 for mercury 
or 2.3 for tin, and ©, is the energy gap at absolute zero. The feature of eq. (6) is 
shown in Fig. 1, in which the constant factors are adjusted by the values depending 
on elements; for example, 


E,(Hg)= 6.84 eV, O, = 2.0 ~ 3.5kT, = 0.71~1.25-10-3 eV, J(Hg) 0.24 eV, 


and 


bo 


B,(Sn) = 9.64eV, 0, = 2.0~3.5kT, = 0.65—1.13-10-%eV, J(Sn)w 0.74 eV (5). 


In Fig. 1, the lower curves for the respective metals are drawn for the energy gap 
3.5kT, and the upper ones for 2.0k7,. The cross signs indicate the experimental 
values when (,=€&, where £ is in the range of $<(E/ce)< 1. These curves are given 


(8) See reference (4). 
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for g2F(R)=0.5, but the change of this value gives rise to only a slight shift against 
the drawn curves. 


CI er 
OR 


sole x *C,3= 2kTe 


- NI: 1 =I a 
1/3 1/2 1 2 CJÉ 
Fig. 1. — The Knight shifts for superconducting metals. 


In conclusion, our method may not necessarily be ingenious for describing the 
Knight shift in the superconducting state, but it will be, at least, possible to say 
that, so long as the Knight shift for superconductors is considered to be dependent 
on the energy gap, it does not vanish, when extrapolated to the maximum gap, 
contrary to the results of cited papers. However, when the integral equation for IV 
can be analytically solved and the detailed dependence of the energy gap on tem- 
perature is more clarified, more correct result will be obtained. 
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ithe Wexistence sor way ACT 
state (refered to as Y*) has been demon- 
strated recently by several groups (13). 
In these experiments the reactions 
Reade sem e), 
and 
Ki+p—A+nt+r- (8), 


were studied, and a strong correlation 
between the A°hyperon and the pions 
was observed. Thus, the existence of Y* 
was established. Since fast K beams 
were used by the above groups, the 
main production reactions which presum- 
ably occured were: K~ +p —> Y*2+7* 
with the subsequent decay: Y*+— A®-+ 7+. 
The mass of Y*= turned out to be about 


(*)Supported in part by the European 
Office, USAF, Contract AF 61 (052)-371. 

(*) M.. ALSTON, L. W. ALVAREZ, P. EBER- 
HARD, M. L. Goon, W. Graziano, H. K. TicHo 
and S. G. Woycickt: Phys. Rev. Lett., 5, 520 
(1960). 

@) M. Frrro-Luzz, J. P. BERGE, J. KIRZ 
TESE Murray, A. H. RosENFELD and M. WATSON 
Bull. Am. Phys. Soc., 5, 509 (1960). 

(?) H. J. MARTIN, L. B. LEIPUNER, W. CHI- 
NOWSKY, «FT. SarveiLy and R. K. ADAIR: 
Phys. Rev. Lett., 6, 283 (1961). 
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resonant 
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1385 MeV and its full width at half max- 
imum was given as 30 (?:) to 60 (*) MeV. 

The production of Y* by K -captures 
at rest on free hydrogen is prohibited. 
However, Y* production in K~ captures 
at rest in deuterium is possible; %.e. 
K-+(np) + Y*¥+p + A®°+x--+p. Indeed, 
the Deuterium Bubble Chamber group 
recently studied the influence of the 
AT resonance on correlation in the 
K+d-A%+7r7+p reaction and have 
found large effects (4). They estimate 
about all events ot the 
above type are associated with the Y* 
channel. It should be noticed that 
in all above experiments (except ref. (*)) 
the. charged Y*-decay studied : 
Y*+— A°+7+. In the KS experiment (3), 
however, 18 examples of Y*®°=> A%L 70 
were observed. 

In the present experiment we stud- 
Te dmuhemettecusmoimmyYes? 
the absorption of 


one third of 


Was 


production in 
K -mesons at rest 
and in flight (average kinetic energy, 


Tg=50 MeV) on complex nuclei in 


(4) O. I. DaHL, N. Horwrrz, D. H. MILLER, 
J: J. MURRAY and P. G. WErrEe: Phys. Rev. 
Lett., 6, 142 (1961). 
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nuclear emulsions. Since Y* has I-spin 
one, the only possible decay modes of so 
into X-hyperons is: Y*®—> vederne VIa 
reaction is relatively easy to study in 
emulsions. In a nuclear emulsions stack, 
exposed to the 300 MeV/e K beam at 
Berkeley, we analyzed the stars from 
which a £* and a pion were emitted. 
No dip cut-off was applied to the stars 
in flight. However, for the stars at 
rest we accepted only events in which 
the pion dip was less than ~ 30°. In 
Figures la and 2a we have plotted the 


where W, is the total energy and Pe 
is the vector momentum of each par- 
ticle. For comparison, we give in Fig. 1b 
and 2b the distribution of the quantity 
W=Ws4+W,,. The typical error on the 
value of M was +6MeV. In a few 
events, only an upper limit could be 
determined. These are marked with 
an arrow in the figures. 

It is clear from Fig. 1 and 2 that 
there is a marked peak in the M- 
distribution, in the neighborhood of 
1400 MeV, superimposed upon a broad 
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absorption at rest on complex 


nuclei (130 events). a) Invariant mass (17) 


distribution. 6) Total x and x energy (W) distribution. The broken line indicates the maximum 
possible energy. 


variable M, for the stars at rest (5) and 
in flight, respectively, according to the 
invariant relation 


Mie (Wee Wt P Pi 


(5) We have included in Fig. la 37 events 
found by F. C. GILBERT, C. E. VIOLET and 
R. S. Warn: Phys. Rev., 107, 228 (1957). 


background. We should like to argue 
now that this peak can not be explained 
in terms of the direct reaction: 


K+4poXZ+r, 


and that it must be due to Y* pro- 
duction, namely: K~ +N (bound) + Y*° 
and Y*°+ +. 


3132 


Y*° EFFECTS IN THE REACTION K +p —+ 


We first examine the K -captures 
at rest and compare the total energy 
distribution W (Fig. 1b) of the (+7) 
pairs to the expected distribution of 
the quantity M. If indeed all pion- 
hyperon pairs are due to the direct 
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and 2), that the basis of the mass distri- 
bution is wider, but its peak is higher 
and more pronounced than the W- 
distribution. This observation strongly 
suggests that the observed mass distri- 
bution is a superposition of two distri- 
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reaction, the M-distribution is expected 
to be wider than the total energy 
distribution and shifted to lower energy 
values. Using the model of Capps (°) 
for K~-absorption, we estimate that a 
point representing a typical pair on the 
total energy plot, will be shifted on 
the M-plot to lower energies by about 
25 MeV with a spread of the same order. 
On the other hand, if an M-distribution 
narrower than the W-distribution is 
observed, it must be due to the decay 
of a Y*0 particle. It turns out indeed, 
in the present experiment (see Fig. 1 


() R. H. Capps: Phys. Rev., 107, 239 (1957). 


37 — Il Nuovo Cimento. 
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butions: a wide distribution due to 
direct production of 4+ 7 pairs, and a 
narrow resonance peak due to Y*e 
decays. It is estimated that about + of 
the (X+7) pairs in K--captures at rest 
are due to Y*-decays. The M-distribution 
of the directly produced pairs is asym- 
metric towards higher M-values. There- 
fore the mass of the Y*° is expected 
to be somewhat lower than 1400 MeV 
(the peak vaine of our observed mass 
distribution), in better agreement with 
the values quoted for the mass of the 
charged Y*. 

Similar considerations are applied to 
the case of K -capture in flight. In this 


566 Y. EISENBERG, G. 
case, because of the wider energy range 
available for the direct reaction, the 
difference between the mass distributions 
for the Y*-decay pairs and the directly 
produced ones is expected to be consi- 
derable. Again comparing the total 
energy distribution of (2 +7) pairs pro- 
duced in flight to the .M-distribution, 
(Fig. 2b and 2a), one can, in spite of 
the poor statistics, detect the wide 
distribution of the directly produced 
pairs and the peak of Y*°-decay. 

In conclusion, we should like to 
summarize our results: 

1) The existence of Y*°>X* 
may be regarded as established. 

2) The mass of Y* seems to be 
greater than the mass of Y*= by 
(10 +15) MeV. 

3) The width of the resonance at 
half maximum should be less than our 
observed width (~ 40 MeV), which inclu- 
des the natural width and also our 
experimental spread. 

4) Very roughly, about + of all 
St+x* production in K -absorption 
on emulsion proceed via the Y* channel. 

5) We should like to suggest the 
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so called « multi-nucleon » K -captures 
at rest, K-+2.N —hyperon+nucleon, 
are produced in a two-step process (°) 
VIE 
K-+.N (bound) + Y* 
and 
Y*4nucleon —- hyperon+nucleon . 


* * E 
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According to the universal V-A inter- 
action theory (2?) of weak interaction, 
hyperons are expected to decay in the 
leptonic mode in a few percent of all 
modes, provided there is no strong 
renormalisation effect. Two clear cases 
of A®-decay in the leptonic mode with 
electron secondary have been observed 
by Berkeley bubble chamber groups (4) 
but no event with uw--secondary has 
been recorded. The observed rate is 
almost an order of magnitude less 
than the predicted rate. The evidence 
for leptonic decay (57) of the Y-hyperon is 
poor. One probable case of decay in 
flight of “+—e= or y= has been reported 
earlier from emulsion work (8). The 
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purpose of this note is to report what 
appears to be a clear case of leptonic 
decay of a © -hyperon with es as the 
charged secondary. 

The event was found amongst 91 X- 
hyperon during the 
course of an analysis of K-stars in two 
emulsion stacks exposed to the magnet- 
ically separated Berkeley K~-beam. De- 
tails of exposure and scanning procedure 
have been given elsewhere (°). A K-- 
meson incident from the beam direction 
and identified by g*-range measurement 
comes apparently to rest in the expected 
region of stopping K -mesons. Three 
tracks are produced at its end, a grey 
track 55.05mm range, a black track 
381 um range and a short prong 3.9 um 
range (see photograph). The grey track 
is identified as 7* meson by its terminal 
behavior characteristic of 7-u-e decay, 
the muon having a range ot 620 um. 
The black track is presumably due to a 
stable particle since no decay secondary 
could be associated at its end. Using 
the constant sagitta measurements we 
get a mass =825t5%; MeV. This track 
is therefore labelled as proton. The 
short prong is not amenable to any 


decays obtained 


(*) B. BHOWMIK, P. ©. JAIN «and P. G. 
MaTHUR: Nuovo Cimento, 20, 857 (1961). 


568 pe 


measurement for its identification. How- 


ever, at its end a flat light track of 


plateau ionisation g*—1.15 +0.08 is asso- 
ciated. On the scattering of the secondary 
we estimate its pf=28.5+6.8 MeV/c. 


Fig. 1. — Leptonic decay of a =~-hyperon, Ê-— n + e + v. 


The secondary is therefore identified 
as an electron. One can consider the 
unstable prong as an example of B-decay 
of an excited nucleus. This possibility 
is discounted on the ground that the 
observed energy 28.0-+6.8 MeV of the 
light secondary is very much higher 
than the upper limit of the kinetic 
energy of electrons emitted from known 
B-emitters amongst the light nuclei. 
The other possibilities are that the 
prong is a case of leptonic decay of 
either (i) a (ii) a K-meson 
(iii) or a. X-hyperon. Possibilities (i) 
and (ii) are eliminated from the terminal 
behaviour of the incident K~-meson. 
There is definite sign of interaction at 
its end with the production of a fast 
65.65 MeV. 
This completely rules out the production 
of a second 7-meson, and also the possi- 
bility of re-emergence of the incident 
K--meson, which might subsequently 
undergo B-decay. We therefore interpret 
the unstable prong as decay of a 2° 
hyperon, produced by the capture of the 


T-meson, 


at-meson of kinetic energy 


BITOWMIK 


K -meson by a bound proton according 
to the reaction K~+p +2 +rt+0. 
The assignment of the charge of the 
hyperon is based on the fact that & 
and x must have opposite charge. This 


criterion has been applied with consi- 
derable success in case of interactions 
with bound nucleons although it is 
absolute only in the case of free hydrogen 
capture. Only one case has been report- 
ed (°°) so far where both the partners 
have the same sign of the charge. This 
is expected in case of two nucleon col- 
lision where a Y -hyperon can be pro- 
duced in with x -meson 
according to the reaction K_+n+n- 
>—Z+p+r such . postu- 
lated reaction is possible for the pro- 
duction of Xz event with both signs po- 
sitive we conclude that the x*-meson 
must have a © partner: The charge 
assignment is therefore unique. 

The negative hyperon can decay 
only in flight. To calculate the rest 
system energy of the decay electron, the 
space angle between the two tracks 
and the velocity of the hyperon at the 


association 


Since no 


(1°) M. NIKOLIG, Y. EISENBERG, W. KocH 
M. SCHNEEBERGER and H. WINZELER: Melv. 


Phys. Acta, 33, 221 (1960 . 
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decay point are required. The measured 
space angle is 108.7° but the energy 
of the hyperon cannot be estimated 
by any direct measurement on the 
prong. However, an indirect estimate 
can be made from the knowledge of 
the space angle between the Xx pair. 
The total kinetic energy 7+ 7's lies 
within narrow when the pair 
is emitted making space angle > 1109. 
For X*r- pair it has been determined (11) 
as 87.0 MeV. Our estimated value for 
“at pair is (79.3+2.1) MeV. Since the 


space angle between the Xx 


limits 


pair in 


the present case is 148.40 the wide 
angle criterion is clearly satisfied. We 


ignore the presence of the short proton 
track of 8 MeV which essentially is an 
evaporation prong. The kinetic energy 
for the Z-hyperon therefore is (144-2) MeV 
and the correspond?ng rest system energy 
of the electron for the measured space 
angle is 30.1 MeV. The transformation 
to rest system is insensitive to primary 
velocity. 

The leptonic decay of a X -hyperon 
with an electron secondary having energy 
(304-7) MeV cannot be due to the rare 
(frequency —10-°) strangeness conserving 


decay mode 4 —Y%+e-+y, since the 
maximum energy of the electron in 
this mode could only be 4.5 MeV. 


For strangeness conserving A° mode 
and the strangeness violating neutron 
mode the upper limit of the energy is 
79 and 229 MeV respectively. The event 
may therefore belong to either of the 
modes. The expected frequency for 
the two modes are 1.8-10-4 and 5.8-10~, 
respectively, and on this ground we 
prefer to label the event as the decay 
of a X--hyperon in strangeness violating 
neutron mode according to the scheme: 


eee eae 
Weak interaction of mesons and 
(11) S. C. FREDEN: H. N. KorNBLUM and 
R. S. WHITE: Nuovo Cimento, 16, 611 (1960). 
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baryons must be reduced to the weak 
interactions of a minimum number of 
and the Sakata (1) model 
precisely does. this by assuming only 
three particles A, n and p among the 
strongly interacting ele- 
mentary. Among the various well defined 
corollaries of the principle of minimal 
weak interaction we have a prediction 


particles 


particles as 


that AS=AQ is permitted whereas 
AS=— AQ is forbidden which neces- 
sarily means that the decay process 
Se V+ 


© >-n+e-+v is allowed whereas » 
—n+et+v is forbidden. These predic- 
tions are consequences of such deep-seated 
formulation of the theory that observa- 
tion of a single case of S+-decay with u* 
secondary will completely overthrow 
the theory. In the case of electronic 
mode, observation of secondary with 
energy greater than 72 MeV (the maxi- 
mum for A® mode) will establish unambi- 

existence of the mode 
X*>n+e*+yv and violate the prediction. 
A crucial test of the validity of the 
theory is therefore provided by the 
observation of stangeness violating lep- 


guously the 


tonic © -decay and the absence of S+- 


decay. 

In our sample we have 28 X-decays 
in flight into light particles of which 8 
have been identified é 
+r and one as Y +e; the remain- 
ing 12 are are unidentified X*-decays. 
We distribute them equally between 
the two charges according to the sta- 
tistics of the identified sample which 
gives us in all 14 Y-decays. The observed 
frequency of X° leptonic decay from 
our sample therefore is 7.3 per cent. 
This is consistent with the predicted 
rate, although on world statistics the 
observed almost an order of 
magnitude less. This gap arises partly 
due to the detection inefficiency in the 
experimental set up. Slow. secondary 
electrons «are generally confused with 


as, das 


rate is 


(1°) S. Sakata: Prog. Theor. Phys. (Kyoto), 
16, 686 (1956). 
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background electron, whereas in case 


of fast electrons above 100 MeV the 
discrimination between electron and 


pion is poor. From this consideration 
only + of the phase space is usable 
for analysis, therefore the observed 
rate should be increased by a factor of 
three. 

The observed Y--decay rate based 
on world emulsion data is about 1/200 
which corrected for detection efficiency 
becomes 1.5 per cent. This is not incon- 
sistent with the theoretical rate parti- 
cularly in view of the fact that certain 
approximations are involved in the cal 
culation of theoretical rates. There are 
indications (13) that the effective coupling 
constant is much smaller than unity, 
and when this approximation is removed 
the true theoretical rate may be down 
by several times. However, there is no 
ambiguity regarding the theoretical pre- 
diction of X* leptonic decay rate which 
must necessarily be zero. More than 
1000 X°-decays have been observed in 
emulsion work without vecording a 
single leptonic decay. Neglecting detec- 
tion inefficiency which affects decays 
in flight into light particles forming 
only 20 per cent of total decays, the 
limit for X* leptonic decay rate can 
be set as less than 0.1 per cent. 


Our thanks are due to Mrs. Jyovrtr- 
MOYEE BHOWMIK who found the event 
and made 
ments. We are 
Wee ale 


careful 
indebted to 
LOFGREN for 


numerous measure- 


Professor 


exposure facilities 


> 


(G4) aN Ann. Rev. 


61 (1959). 


OKUN: Nucl. Sci. 9, 


BIIOWMIK 


and to Professor D. J. PROWSE for making 
the exposure for us. We thank Profes- 
sor C. F. PoweLL for the processing 
facility at Bristol. We are grateful 
to the Department of Atomic Energy 
for financial support of the research 
project. 


Note added in proof. 


Since this letter was with the printers 
a clear example of electronic decay of 
x -hyperon has been reported from 
K -capture stars in hydrogen bubble 
chamber (14). Another case of strange- 
ness violating XYZ leptonic decay in 
the mode XY +n+e-+V was observed 


in propane bubble chamber (1?) irra- 
diated with 2 GeV 7- beam. However 


the conclusions regarding low leptonic 
decay rates of hyperons drawn in refe- 
rence (14) is in variance with our finding. 
We believe that the experimental decay 
rates corrected for scanning loss are con- 
sistent with the predicted rate from UFI 
theory. This conclusion is further sup- 
ported by our work (16) on leptonic decay 
of A®-hyperon in the mode A°--p+Le- +5. 
Our A° leptonic decay rate on the basis 
of two events is 1.39 as against theore- 
tical decay rate of 1.6 %. We therefore 
suspect scanning bias as the 
cause of low observed decay rate quoted 
by HUMPHREY et al. (14), 


strong 


(34) W. E. HUMPHERY, J. Kinz, A. H. 
ROSENFELD, J. LEITNER and Y. I. RHER: 
Phys. Rev. Lett., 6, 478 (1961). 


C5) P. FRANZINI and J. STEINBERGER: 
Phys. Rev. Lett., 6, 281 (1961). 
() B. BHOWMIK, D: P. GoraL and N. K. 


YAMDAGNI: Leptonic decay of 


Nuoro Cimento: to be published. 


A°-hyperon, 
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IL NUOVO CIMENTO VOTENT, Ne 8 1° Agosto 1961 


Remark on the Radiative Muon Decay 
in the Theory with an Intermediate Vector Meson. 


Z. BIALYNICKA-BIRULA (*) 


Department of Physics and Astronomy, University of Rochester - Rochester, N.Y. 


(ricevuto il 19 Maggio 1961) 


It is well known that there is a great difficulty in explaining the lack of the 
radiative muon decay in a theory with an intermediate charged vector meson. Such 
a theory was discussed by many authors (1). Experiments provide the upper limit 
for the ratio of this decay to the usual muon decay (2). 


R AE na 
na 
à R(yp>-e+v+y) 


This problem was examined by several authors (*). The usual theory with an inter- 
mediate meson is non-renormalizable and therefore they had to introduce a cut-off A (4) 
in order to compute o even in the lowest order of perturbation theory. The result 
is strongly dependent on A. If the vector meson has no anomalous magnetic moment 
one must take A equal approximately 0.2 of the vector meson mass to obtain © 
in agreement with experiment. One can obtain a reasonable value of A if the 
anomalous magnetic moment 0.75 is given to the vector meson. 

The purpose of this note is to test another possibility of introducing the charged 
vector meson into the theory of weak interactions. The following form of free La- 


grangian for the meson y, is assumed 


(1) Ly = — dlgs 0,0" + Mpg", 

(*) On leave of absence from the Institute of Physics, Polish Academy of Sciences, Warsaw, 
Poland. 

(1) J. ScHWINGER: Ann. Phys., 2, 407 (1957); R. F. FeyvNMAn and M. GELL-MANN: Phys. 
Iev., 109, 193 (1958); E. C. G. SUDARSHAN and R. E. MARSHAK: Phys. Rev., 109, 1860 (1958). 

(2) The lowest limit was obtained by S. FRANKEL, V. HAGOPIAN, J. HALPERN and A. L. WHET- 
STONE: Phys. Rev., 118, 589 (1960). 

(*) G. FEINBERG: Phys. Rev., 110, 1482 (1958); PH. MEYER and G. SALZMAN: Nuovo Cimento, 
14, 1310 (1959); M. E. EBEL and F. J. ERNST: Nuovo Cimento, 15, 173 (1960) 

(4) The result is of course dependent on the form of the cat-off factor. in all papers mentioned 
in (*) it was chosen to be A?/(A?+ p°). 
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which leads to the meson propagator in the form 


<0 | Toulx)pr(y)10> = yy Ae" — Y) » 


— 
bo 
aS 


instead of the usually adopted form i(gu — M-*6,,0,) Ap(# — y). The choice of such 
a Lagrangian makes the theory of weak interactions fully renormalizable, introducing 
however an indefinite metric into the Hilbert space. As long as there are no vector 
mesons in the initial and final states our scheme gives unique and finite transition 
amplitudes for every weak process. To deal with the vector mesons appearing in 
the final or initial states this scheme must be supplemented by some methods of 
handling states with negative norm as for example the one proposed by E. C. G. 
SUDARSHAN (5). 

From the Lagrangian (1) one may derive the electromagnetic interaction of the 
meson p, by assuming the « minimal » electromagnetic interaction. This procedure 
does not give however the interaction of the meson magnetic moment and the 
corresponding interaction term must be added separately. The electromagnetic 
Lagrangian for the vector meson has finally the form 


“E 


(3) Lem = (ep, 0yp” AY — e2A Also” + ie(1 + 1)p py”, 


where 2 is an anomalous magnetic moment in the units of the vector meson mag- 
neton. The inclusion of this interaction does not spoil the renormalizability of 
our theory. 

The probability for the process 1 —e+ is computed from the following diagrams: 


The Lagrangian giving contribution to this process has the form 
(4) Di n” MV Gwey (1 iys) Pops ate MV Gwwyya(1 ; iy’5) Vie" = La n) 


The divergent contributions cancel in the sum as a result of gauge invariance of 
the theory. The transition amplitude was computed in the approximation in which 
(m./my,) and (m,/M)? were neglected in comparison with unity. The result is 


on 
SS 


Sip = 94(P — 4 — (1 + 8A)CAe)(G)(1 + iy5)y alle" (R)(1 + dy.) UP)» 


where u4,(g) and w,,(p) are the wave functions of electron and muon with momenta 
q and p respectively, e’(k) describes the polarization of the photon, CO is a constant 
depending on e, G, m, and m, only. This amplitude does not vanish unless we put 


() E. C. G. SUDARSHAN: Phys. Rev. (to be published). 
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2=- 4. The value of 0 obtained for 7=0 is 10% times larger than the experl- 
mental upper limit. 

No interactions are known which could produce a large anomalous magnetic 
moment of the vector meson and therefore our result should be regarded as a negative 
one. There are two ways of saving the above proposed theory of the weak inter- 
actions: to assume the existence of two different kinds of neutrinos or to consider 
the magnetic moment 1+ 4— 3 to be the normal one for this kind of meson. 


The author is greatly indebted to Dr. I. BraLyxIcKi-BiruLa for suggesting the 
problem and continuous help and to Dr. E. C. G. SUuDARSHAN for discussions. 
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Sur les relations entre charges et spin. 


F. LURÇAT 


Institut de Physique, Faculté des Sciences - Lille 


L. MICHEL 


Physique Théorique et Hautes Energies - Orsay 


(ricevuto il 6 Giugno 1961) 


Une des énigmes que pose actuel- 
lement l’étude des particules élémen- 
taires est la suivante (1): parmi les 
trois (2) espèces de charges strictement 
conservées (3): la charge électrique 4, 
la charge baryonique (*) b et la charge 
leptonique (5) /, la charge électrique 


(*) Voir par exemple D. H. "WILKINSON 
in: Z'urning points in physics (Amsterdam, 1959), 
D. 169. 

(*) Nous 
généraliser au cas où il plusieures 
charges pour les leptons (par exemple: ev d’une 
part, uv d’autre part). 

(3) Pour Ja 


rimentales de la 


lecteur le soin de 


existerait 


laissons au 


discussion des preuves expé- 
conservation des charges, 
voir: G. FEINBERG and M. GOLDHABER: Proc. 
Nat. Acad. Sci. U.S.A., 45, 1301 (1959). 

(4) Le concept de charge nucléonique semble 
avoir été introduit par E. WIGNER: Proc. Am. 
Phil. Soc., 93, 521 (1949). La généralisation 
aux hypérons, après la découverte de ces der- 
niers, était évidente. 

(5) Le concept de charge leptonique semble 
avoir été introduit par E. FERMI vers 1950 
(non publié). La charge leptonique attribuée 
à chaque lepton a varié au cours des dix der- 
nières années (voir par ex.: E. J. KONOPINSKI 
and H. M. Maumoup: Phys. Rev., 92, 1045 
(1953); YA. B. ZELDOVICH: Doklady Akad. Nauk 
USSR, 91, 1317 (1953)); actuellement elle semble 
fixée à la même valeur pour e7, w, v. 


est la seule que puissent posséder les 


mésons, qui sont des particules de 


spin entier. Par contre, il n'existe 
aucune particule de spin demi-entier 


sans charge, soit baryonique, soit lepto- 


nique. Cela peut être résumé en une 
formule: 
(1) nt NUE (1) Py, 


vraie pour tout état physique (7 désigne 
le moment cinétique). 
Nous 


comment 


nous montrer 
cette forme 
(équation (7)) peut apparaître comme 


conséquence d’axiomes admis ou admis- 


proposons de 


une relation de 


sibles par de nombreux physiciens (axio- 
mes a, b, €, d). 

a) Les observables en mécanique 
quantique par des 
opérateurs hermitiens = A*, sur un 
espace d’ Hilbert #. 


sont représentées 


b) Il existe un système complet 
(observables commutatives. 


Pour déduire de a) et b) les propriétés 
qui nous seront nécessaires, nous sulvrons 
l’excellent exposé de Jaucu (*) auquel 

(CORTE SRE 
711 (1960). 


JAUCH: Helv. Phys. <Acta, 33, 


Ese} 


SUR LES RELATIONS ENTRE CHARGES ET SPIN DID 


nous renvoyons le lecteur pour plus de 
détails. 

Résumons d’abord les notions mathé- 
matiques utilisées: 

Si 4 est un ensemble d’opérateurs 
sur # tel que D, e D, D,E 4 implique 
«D, ED, D,+D,E D, D,D,Ee D, Die 2 
(x est un nombre complexe), il est appelé 
une x-algèbre. 

On appelle commutant (7) d'un en- 
semble d'opérateurs .# l'ensemble .#! 
des opérateurs bornés commutant avec 


tous les opérateurs de .#. On pose 
A = LAM ide: 
Si 4 et W sont des ensembles 


d’opérateurs bornés, 7’ 5.4; de plus, 
l'inclusion /5.@ entraîne A4/5N'; en 
particulier, si N=A",M'IM'\V\=M"; 
et puisqu'on a aussi W” = (HW) AH, 
on aM’= 4". 

Si./ est une «-algèbre et si.#—.#", 
-M est appelée algèbre de von Neumann. 

Soit © l’ensemble des observables: 
puisque ce sont des opérateurs hermi- 
tiens, 0’ est une x-algébre et 0' et 0" 


sont des algèbres de von Neumann 
que nous noterons WV’ et 4. On dit 


que N° est l'algèbre de von Neumann 
engendrée par ©. 
JAUCI (8) 
équivaut à: 
b') Il existe 
abélienne Z de N 
c'est-à-dire =. 
De BcW résulte ZN"; done le 
commutant N est abélien. On dit 
alors (référence ($), p. 120) que l’algè- 
bre NW est discrète. De plus, NC #'=$# 
implique que .4 est le centre de W 
(c’est-à-dire N NN). 
N contient en particulier les opéra- 
teurs ©, B, L correspondant aux charges 
baryonique et leptenique. 


montre que l’axiome b) 


une  sous-algébre 


qui est maximale. 


électrique, 


commu- 
voir la 


(7) Pour la définition précise de la 
tation avec un opérateur non borne, 
référence (5). 

(8) J. DIXMIER: Les algébres d'opérateurs 
dans l’espace hilbertien (algèbres de von Neumann) 
(Paris, 1957). 
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Nous faisons l'hypothèse physique que 
AN" est engendré par Q, B, L. 

La décomposition spectrale de SW’ 
détermine une somme directe (°) 

H = ON (à). 

d'espaces d’Hilbert #(2). 
éléments de ces espaces (et non tout 
élément de #) représentent des états 
physiques. Deux états représentés par 
des vecteurs appartenant à des #(À) 
différents dits séparés par 
règle de supersélection. Les règles de 
supersélection étant ainsi obtenues indé- 
pendamment de l’invariance relativiste, 
la règle obtenue usuellement à partir de 
l’invariance par rapport à Z, (superséle- 
ction entre les états de spin entier et demi- 
entier) doit être incluse dans les précé- 
dentes; d’où l'existence d’une relation 
entre (—1)*! et les charges. Afin de préci- 
ser la nature de cette relation, nous allons 
maintenant formuler l’invariance relati- 


Seuis les 


sont une 


viste, en nous limitant ici au sous-groupe 
connexe 4, de £, groupe de Lorentz 
inhomogène (autrement dit, nous ne 
considérerons pas les réflexions d'espace 
et de temps). 

c) Il existe un isomorphisme en- 
tre Y, et un sous-groupe du groupe 
des automorphismes de .N. Les charges 
étant invariantes par les transformations 
de Y,, les automorphismes de VW cor- 
respondants laissent fixes les éléments 
de N. Nous pouvons alors utiliser le 
théorème énoncé à la ref. (8), p. 255-256. 

Tout automorphisme A d’une algèbre 
de von Neumann discrete 7, qui laisse 
fixes les centre de cette 
algèbre, peut s’écrire: 


éléments du 


(2) AL UGAU—, 


où U est un opérateur unitaire appar- 
tenant av. 
Quels sont tous les opérateurs uni- 


(*) Ici, pour notre #'; JaucH (réf.(°)) 
envisage la cas plus général d'une intégrale 
directe. 
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taires qui réalisent l’automorphisme A? 
Si U, et U, sont deux tels opérateurs, 
U,U;* est un élément unitaire de N°. 
Appellons € l’ensemble des opérateurs 
unitaires de N. WV’ étant une x-algèbre, 
€ est un groupe. Appelons WY l’ensemble 
des U pour tous les AE Y,: % est un 
groupe homomorphe à 4%. Les U qui 
correspondent à l'identité de Z, sont 
les éléments de @, sous-groupe invariant 
de VU. 

Notons que @ est dans le centre 
de 7/; d'après l’axiome c) le quotient W/E 
est isomorphe à Z,: nous noterons cela: 


6 C centre (%), 


(3) UE L,. 

Il existe plusieurs solutions au pro- 
blème: étant donné deux groupes € 
abélien et ,, trouver tous les groupes # 
tels que @ soit dans le centre de W 
et UWE~ LF, (relation (3)). On dit 
aussi: trouver toutes les extensions 
centrales de Y, par €. Nous exposerons 
ailleurs la solution de ce problème (1). 

Les restrictions à un 4 (A) de Q, B, L 
et des éléments de € sont des multiples 
de Videntité qui sont respectivement de 
la forme: q, 6,1 et exp [rf(q, b,1)] où f 
est une fonction réelle. Les #(/) peuvent 
étre étiquetés par les triplets d’entiers 
(q, b, 1). La méthode usuelle pour obtenir 
ces résultats, c’est d’exiger l’invariance 
par rapport au groupe de jauge .%, 
dont les éléments sont 


(4) exp Li(a,Q + o,B + a, L)] , 
(les x sont des nombres réels modulo 22). 


Les représentations linéaires 
tibles de .2 sont en effet 


inrédue- 


(5) exp lilo + ab + ol) 


, 


caractérisées 
d’entiers q, b, l. 


et sont par les triplets 


Ge) F. LUROAT et L. Micupn: à paraître. 


F. LURCAT and L..MICHEL 


En fait, dans les théories usuelles, 
on ne considère pas le groupe €, et on 
se contente d’utiliser le groupe de 
jauge .7. Ceci nous amène à poser: 

d) Les transformations de Lorentz 
(éléments de Y,) sont représentées a 
une transformation de jauge près. 

Dans le langage utilisé précédem- 
ment, cela revient à dire que le groupe 
d’invariance de la théorie est un groupe 6, 
qui est une extension centrale de Z, 
par Ÿ. 

Pour le groupe -/ défini par (4), 
on montre (1°) que les extensions inéqui- 
valentes sont caractérisées par un élé- 
ment d'ordre 2 (racine carrée de l'unité) 
de .7, qui correspond à la «rotation 
de 27». Le groupe .7 possède 8 racines 
carrées de l’unité, qui sont 


(6) exp Lix(e,Q + «B+ ed], 


avec e=0 ou I. 
Par suite, pour un état de moment 
cinétique j, de charges q,b,l, on a la 
relation 
(7) it o ee 
Les relations (7) et (1) 
compatibles quels 
cette condition 


doivent être 
10, Us 
façon 


que soient 
détermine de 
unique le groupe 6 : 
(8) E&=0, En = ton ae 

On peut remarquer que, contrairement 
à ce qui semble généralement admis, 
ce groupe n'est pas le produit direct 
de 4, par .27 (qui correspondrait à 
Nous reviendrons ulté- 
rieurement sur les conséquences physi- 
ques de ce fait. 


Ey=€y—=E€—=0). 


L'un de nous (F. L.) remercié M. 
JEAN de l’avoir accueilli au Laboratoire 
de Physique Nucléaire d'Orsay, Groupe I. 
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(ricevuto il 9 Giugno 1961) 


It would appear that in the last two 
years the anomalies that once existed 
in the relationship between pion photo- 
production and scattering via the Pa- 
nofsky ratio have gradually dissolved 
to the point that there exists a reasonable 
agreement within the field. The purpose 
of the present note is to show that when 
the experimental data are re-analysed 
according to better theoretical prescrip- 
tions there emerge certain small but not 
insignificant discrepancies in the data. 

Following the suggestion of Baldin (1) 
we have analysed the reactions 


(1) y+p-n+T*, 
:(2) i Par 


in such a way that there should be 
good agreement with the predictions of 


the Chew-Goldberger-Low-Nambu and 
Robinson (C.G.L.N.R.) theory (?). The 


basis of the method is that the com- 
parison is made in a region of the kine- 
matic variables such that the momentum 
transfer is fixed and equal to that oc- 
curring at the threshold of the reac- 
tions (1) and (2). In this way it is pos- 
sible to eliminate the contribution under 


@) A. M. BALDIN: Proc. of the 1960 Annual 
International Conference on High Energy Physics 
at Rochester, p. 325. 

(?) C. S. ROBINSON: Technical Report, no. 8, 
Office of Naval Research, 1834 (05). 


the dispersion integrals of the unobsery- 
able energy region. It has been shown 
that this is an important qualification (3) 
as the interaction can produce 
appreciable contributions to the ampli- 
tudes which have not been included in 
the C.G.L.N.R. theory. 


T-T 


1. — =* photoproduction data. 


The cross-section for the process (1) 
can be written in the form 


do fi |P 
—=n0|14 —»v| |M 
c I 


2 
> 


in the notation employed by BERNAR- 
DINI (4); we require that the momentum 
transfer at any photon energy » should 
be equal to that at threshold, i.e. we 
require (°). 


v(m — cos 0) = 0.93 . 


(3) B. DE TOLLIS, E. FERRARI and H. Manc- 
ZIK: Nuovo Cimento, 18, 198 (1960). 


(5) G. BERNARDINI: Proc. of the CERN 
Symposium (1956), p. 251. 
(5) At the rochester Conference 1960, 


BALDIN reported a Similar comparison with 
experimental data but it appears that he used 
r:°-meson kinematics in the case of m+-meson 
photoproduction. Secondly, his comparison did 
not inelude the interesting energy region where 
there appears to be a «resonance ». 


Or 
1 
(o 0) 


We have analysed the available 
experimental data and extracted | 7*|? 
at the appropriate value of 9 at each 
given v (6), the result of this is shown 
in Fig. 1. It should be noted that the 
data of Beneventano have been 


et al. 


J. K. WALKER 


at Illinois (18). Plotted also is the pre- 
diction of the C.G.L.N.R. theory with 
values of f2 and w$ as shown. A good 
agreement both in absolute magnitude 
and energy dependence is obtained from 
threshold up to the (33) resonance at 


Ey (MeV) Lab. 


1 L- Ne 
150 170 190 210 


= 
230 


aE Re 2 2h 
250 270 290 310 


Fig. 1. — è BENHVENTANO et al. (7); $ LEISS et al. (*); * KNAPP et al. (*); d WALKER et at. Coys 


4 ADAMOVICH et al. (2*)); a BARBARA et al. (12): —— C.G.L.N.R. with f?=0.081 and w=2.08, 
— — — Best fit (Eye). 


increased in absolute magnitude by 10% 
to take account of a recent recalibration 


(*) Where experimental data are reported at 
values of the kinematie variables other than 
those required here we have only accepted these 
data when the difference in differential cross- 
section between the two conditions is less than 
1% under the assumption of a 
angular distribution. 


reasonable 


(7?) M. BENEVENTANO, G. BERNARDINI, 
D. CARLSON-LEF, .G. STOPPINI and LU. Tau: 
Nuovo Cimento, 4, 323 (1956). 

(8) J. LrIss and A. S. PENNER: Proc. of 


the 1960 Annual International Conference on 
High Energy Physics at Rochester. 

(*) E. Knapp, R. W. KENNEY and V. PEREZ- 
MENDEZ: Phys. Itev., 114, 605 (1958). 

Cod. Kee WALKER, Jn G. RULERRALANI 
D. MILLER and J. M. PETERSON: to be published. 

(1) Proc. of the 1960 Annual International 
Conference on High Energy Physics at Rochester, 
Dawe. 

(3) Proc. of the 1959 Annual International 
Conference on High Energy Physics at Kiev, p. 41. 


300 MeV. A suggestion of a bump in 
the experimental data occurs at around 
215 MeV where there is a — (30+10)% 
absolute discrepaney with the theory. 
It is difficult to conclude whether this 
is due to a systematic experimental error 
(the experimental evidence relies entirely 
on one experiment) or to a true « reso- 
nance) occurring in the production am- 
plitude. It is clear that new experi- 
mental data are highly desirable to verify 
or otherwise the existence of this phe- 
nomenon. 

It may be relevant to note at this 
stage that recent Russian work (1) on 
the angular distribution of this reaction 
at 185 MeV is in disagreement with the 


(!*) Proc. of the 1960 Annual International 
Conference on High Energy Physics at Rochester, 
D. 26 
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experimental data of Beneventano et al. 
by about (35 +10)% at backward angles. 
It must therefore be concluded, that 
the possibility of an experimental error 
of this magnitude cannot be completely 
ruled out. 

The extrapolation of the experimental 
data to threshold would appear to be 
unambiguous and gives a value for | +] 
cf 22.0 wb/sr with an estimated accuracy 


ae JRO 
of +5%. 


2. — x /rt ratio. 


The photoproduction of charged pions 
from deuterium has been studied exten- 
sively by several investigators. We have. 
used the experimental results of BENE- 
VENTANOMICI AIO) MAO sands Biri 
LAMY (14), SANDS et al. (15) and RuTHER- 
GLEN and WALKER (16) which appear 
to constitute a reasonably self consistent 
set of data. Best fits by eye, as the 
proper analytic variation is unknown, 
were made to this data in the entire 
angular region and the values of ratio 
were extracted at the required values 
of 0. The variation of the x7/r* ratio 
as a function of y-ray energy is shown 
plotted in Fig. 2. ‘The uncertainties 
shown are reasonable limits allowed by 
the fits to the experimental data. Also 
shown in Fig. 2 is the C.G.L.N.R. pre- 
diction evaluated under the same con- 
ditions as before. The corrections for 
final state interactions, both nuclear and 
Coulomb, have been calculated by BAL- 
DIN (17) and their effect on the C.G.L.N.R. 
theory is Shown by the dashed line. The 
agreement is seen to be approximate and 
nowhere within the range investigated 


(ANNEE ELOGGH ema) THs EM, 
Proc. Phys. Soc., 72, 895 (1958). 

(15) M. SANDS, J. G. TEASDALE and R. L. 
WALKER: Phys. Rev., 95, 592 (1954); 101, 1159 
(1956). 

(16) J. G. RUTHERGLEN and J. K. WALKER: 
Proc. Phys. Soc.. 76. 431 (1960). 

(47) A. M. BALDIN: Nuovo Cimento, 8, 569 
(1958). 


BELLAMY: 


~ 
+ 
mM 
Cr) 


ENERGY PION PHENOMENA 


579 


does the discrepancy exceed 13%. The 
predicted energy variation of the ratio 
does seem to be in that 


discord with 


150 170 190 210 


230 250 
Ey (MeV) Lab. 
Fig. 2. — —— C.G.L.N.R. theory; -——-— Cor- 
rected for final state effects. 
found experimentally. As the basic 


theory should be good to about 5% and 
the final state correction 
takes account of effects which produce 
a >10% correction then it is just pos- 
sible, although rather unlikely, that the 
experimental data can be properly de- 
scribed within the framework of the 
present theory. 

It has been shown (3) that the zx 
interaction gives an important contri- 
bution to the x7/m* ratio. Therefore, it 
would seem desirable to adjust the para- 
meters in the x-x contribution so that 
a good fit to the experimental data is 
obtained in this region of kinematic 
variables where the evaluation of the 
C.G.L.N.R. theory is thought to be 
correct, and not at a fixed angle in the 
c.m. system which is the procedure which 
has previously been followed. 

Tt is ‘clear from Fig. 2) that it is 
difficult to extrapolate the experimental 
data to threshold in a rigorous way. 
However, it would appear that a value 
15% to 26% higher than that of 1.3t 
predicted by the C.G.L.N.R. theory, is 
not unreasonable. 
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The fact that the above conclusion 
is not substantiated by the experimental 
data of Kharlamov et al. (7) who claim 
that x /rt—(1.30+10)% in the energy 
interval 156 to 172.5 MeV is thought to 
represent the difficulty of interpretation 
of final state interactions in this energy 


region. 


3. — Panofsky ratio and S-wave scattering 
lengths. 


Within the last year the Panofsky 
ratio has been remeasured with great 
accuracy by several groups and reported 
at the 1960 Rochester Conference. ‘The 
mean value of all the data is 


PETS 


Finally, the S-wave scattering lengths 
appear to have been treated in the most 
complete fashion by Hamilton and Wool 


(38) S, KHARLAMOV, M. ADAMOVICH and 
V. Larronova: Zurn. Êks. Teor. Fiz., 36, 946 
(1959). 


J. K. WALKER 


cock (19) who obtain: 


ay — As Ta 0.245 +0.007. 


4, — Conclusion. 


When we use the above values OMR 
a; — a,, and | T+|? to calculate the x]? 
ratio we obtain the value 1.2 +0.1. 
This value has to be compared with the 
threshold value of the x-/r* ratio which 
we have already discussed. It is clearly in 
adequate agreement with the C.G.L.N.R. 
predictions and the data of Adamovich 
et al. However, there is room for improve- 
ment in the agreement of this threshold 
value with that obtained from the rest 
of the experimental data. 

In conclusion, we may say that 
although the description of low energy 
pion phenomena has reached a relatively 
satisfactory state, with reasonable in- 
ternal consistency being displayed, there 
still exist certain discrepancies which 
remain to be clarified. 


(38) J. HAMILTON and W. S. WOOLCOCK: 


Phys. Rev., 118, 291 (1960). 
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